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Introduction

In this thesis we develop bigraded calculus for differential operators with applications
to some problems in Poisson geometry, related to singular foliations.

A Poisson manifold consists in a smooth manifold M and a Poisson bivector field
II, called Poisson structure, which satisfies the integrability condition

[IL, 1] = 0 (1)

written in terms of the Schouten - Nijenhuis bracket [16]. Algebraically, this
condition means that the Poisson structure induces a Lie bracket {, } on the space
of smooth functions C}; by

{f,9} = 1(df,dg),

called the Poisson bracket. Geometrically, the integrability condition leads
to the study of singular foliations. It is well-known that every Poisson structure
induces a symplectic foliation, which is singular in general, and it is integrable in
the sense of Stefan - Sussman [28| 27]. Thus, one can think of a Poisson manifold as
the union of symplectic manifolds (symplectic leaves) of varying dimensions, fitting
together in a smooth way. A symplectic leaf is said to be singular if the rank of the
Poisson structure is not locally constant at the leaf. Poisson structures near singular
symplectic leaves are described in terms of the coupling procedure [36, [33] 34}, 37].
This approach is based on the use of a non-linear (Ehresmann) connection, which
gives rise to bigraded calculus on Poisson fiber bundles (see [9, 36, 33, 7, 34, 6, [18]).

The goal of this work is to give a unified approach to the Schouten - Frolicher
- Nijenhuis - Ehresmann calculus on fibred and foliated manifolds and apply
this approach to the study of infinitesimal automorphisms and first cohomology
of Poisson manifolds with singular symplectic foliations. = Some results on
computing Poisson cohomology in the regular case can be found, for example, in
38, B9, B1), B2 §]. In some special singular cases, Poisson cohomology has been
studied in [5] 22| 23], 24, 25].

One of our main results is a geometric splitting for the first cohomology group
of coupling Poisson structures in fiber bundles. We give a natural bigrading to the
Lichnerowicz - Poisson complex [16], by means of the geometric data of the coupling
structure, and split the first Poisson cohomology group using that bigrading. In order
to derive this result, we first develop a general scheme to study the first cohomology
group of an abstract bigraded cochain complex (C, ), i.e., a cochain complex such

1



2 Introduction

that C is Z x Z-graded and the coboundary operator has a bigraded decomposition
of the form
0=01,0+001+02_1. (2)

In this context, the coboundary condition 8% = 0 implies that 01,0 and 0o 1 are also
coboundaries. Moreover, we get the following short exact sequence, in which every
object is intrinsically defined in terms of the bigraded cochain complex.

Claim 1. Let Hé be the first cohomology group of O and Zg(’)ql the space of
coboundaries of bidegree (p,q) for 0p1. There is a short exact sequence,

ker p
O—>’H%l’0<—>7-[},—>1——>0, (3)

00,1

where 51,0 : Zg(’)ol — Zg:ll’o is a coboundary operator given by the restriction of O
to Z(;(’)Ol, and p: A — 7-[% is a canonical morphism from a subspace A C Zgéll to
, 1,0 ,

the second cohomology space of D1 .

Up to our knowledge, this special result is not well known in the literature. An
important example of a bigraded cochain complex of the type is the de Rham
complex of a foliated manifold [32] [30]. Our point is to describe the relationship
between the Lichnerowicz - Poisson complex and a bigraded cochain complex of the
type . To do so, we consider, in a fiber bundle (F,w, B), the bigraded Poisson
algebra of vertical - valued forms in the base Vg := Qp ®cs xv(E), and prove that
the Lichnerowicz - Poisson complex of a coupling Poisson structure II on the fiber
bundle (E, 7, B) is isomorphic to the bigraded cochain complex (Vg,d"), where 07
is a coboundary operator in Vg induced by the geometric data of II. Because of this
isomorphism, one can apply Claim [1] to the bigraded cochain complex (Vg,d7) in
order to split the first Poisson cohomology group in the sense of . In the context
of the linearization problems, cochain complexes of the type (Vg,d7) appeared in
12l 11, 6l 18].

One of the most interesting applications of this result is related to effective ways
of describing infinitesimal automorphisms (the first cohomology group) of a Poisson
manifold around a symplectic leaf in some “extreme” cases, when the transverse
Poisson structure has specific properties.

Now we give a more detailed description of these results, explaining briefly the
content of each chapter.

In Chapter |1} some useful results about bigraded cochain complexes of the type
are established in full detail. We develop a general scheme to study the first
cohomology group of bigraded cochain complexes. More precisely, the main result
proved in this chapter states that is a short exact sequence (Theorem .
Also, we give the precise definition of all spaces and operators appearing on its
formulation. These objects are canonically defined by the bigraded cochain complex
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(see Section [1.2)). In particular, this general scheme is applied to the Lichnerowicz -
Poisson complex in Chapter

Chapter [2] is devoted to the description of some algebraic and geometric tools
we need along this work. First, we revise the theory of graded derivations and
differential operators on vector bundles, in order to define intrinsically the Frolicher
and Schouten - Nijenhuis brackets [19][20]. We also present the concept of generalized
connection [2I] on bigraded manifolds, which gives a natural generalization of
the Ehresmann connections on foliated and fibered manifolds. For a generalized
connection 7y in the manifold M, with curvature R and co-curvature R/, we prove in
Theorem [2.5.6)that the exterior differential has the following bigraded decomposition

d=dyp+doy +do_1+d 12,
and the Frolicher - Nijenhuis decompositions of these operators are
dio = Lidrpy— +2ir —ir, do1 =L, —igr+2ig, dg_1=—ig, d_12=—ip.

The concept of coupling Poisson structure [36 33] in a foliated manifold is
presented in Chapter 3 Specially, we are interested in the case of coupling Poisson
structures II defined on a fibration £ = B. In this context, the main result
presented in this chapter consists in proving that the Lichnerowicz - Poisson
complex (xg,d") induced by II is isomorphic to a bigraded cochain complex
(Vg,97) induced by its geometric data (y,o, P). This fact can be found without
proof in [6, pp. 507-508] and with proof in [I8 p. 93]. We present a proof of this
result in Theorem Such isomorphism allows us to apply the theory developed
in Chapter [1| to the Lichnerowicz - Poisson complex induced by a coupling Poisson
structure.

Our main result is presented in Chapter [l where we combine the theory
developed in Chapters[l| and [3|to obtain a splitting for the first Poisson cohomology
group. We first aboard the case of regular Poisson structures, for which we prove
that the first Poisson cohomology group splits as

Hip(M,II) ~ Hi & {Y € X (M, H) | Lyw is ds-exact},
where ds denotes the foliated exterior differential of the symplectic foliation S. After
that, we apply the theory developed in previous chapters to obtain a similar splitting
for the first Poisson cohomology group of a coupling structure in a geometric manner.
Starting with a coupling Poisson structure II in the fiber bundle (E, 7, B), we
naturally define a triple of geometric data (v, o, P) [36],33], where  is an Ehresmann
connection, o is an horizontally non-degenerate horizontal 2-form, and P is a vertical
Poisson structure. On the other hand, in the fiber bundle (E,w, B), we can define
the bigraded Poisson algebra Vg of vertical - valued forms in the base. Furthermore,
the geometric data (v, o, P) of II induces a bigraded coboundary operator 97 in Vg
such that the bigraded cochain complex (Vg,d7) is isomorphic to the Lichnerowicz
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- Poisson complex (xg, ") of II, as proved in Chapter |3, Applying our main result
of Chapter [I], we obtain the following splitting-type result for the first cohomology
of the coupling Poisson structure II:

ker p

1 1

E 1) ~ H= —_—.

Hip(B,1) Hag,o@ Ham(E, P)

Here, 510 : Qp ® Casim(E, P) — p ® Casim(E, P) is a coboundary operator

and p : AY C Poissy(E,P) — H%w is a canonical linear morphism from a Lie
1,0

subalgebra of vertical Poisson vector fields to the second cohomology group of 510.
The proof of this (Theorem is practically a direct consequence of the main
results of Chapters [1| and On the other hand, we present some particular cases
for which the computation of the first Poisson cohomology group simplifies. For
example, a regular Poisson structure around a symplectic leaf B can be modeled by
a coupling structure II in a fiber bundle (E, 7, B), with geometric data P = 0 and
o the pull-back of the symplectic structure in the base B [36]. We show that the
first Poisson cohomology group of a coupling Poisson structure II of such type is
isomorphic to the sum of the first leafwise de Rham cohomology of the symplectic
foliation and the trivial deformations of the leafwise symplectic structure:

Hip(E, 1) ~ Hés e{Y e %XT(E,H) | Lyw is ds — exact}.
Another particular case we present is when the vertical Poisson cohomology is trivial,
Poissy(E, P) = Ham(E, P). (4)

Under this assumption, the first Poisson cohomology group of II is isomorphic to
7—%¥ . Furthermore, if P satisfies , then we show that the first Poisson cohomology
groﬁps of every coupling Poisson structure in (F,w, B) having P as vertical part,
are isomorphic to each other. Finally, the last family of given examples cannot be
directly obtained by the abstract framework developed in Chapter |1l Such examples
arise when the Casimir functions of the vertical Poisson structure are precisely the
projectable functions in the bundle: Casim(F, P) = C;P(E). These examples are
important since this condition can be only held in the singular case. In fact, P =0
implies Casim(E, P) = Cf # CP(E). Under this assumption, the first Poisson
cohomology group can be computed as

ker p

1 ol _ kerp
Hip(E,1T) ~ Hyp(B) @ Fam(E, P)’

where H}-(B) is the first de Rham cohomology group of the base space B.

Finally, we consider a class of coupling Poisson structures on a locally trivial
vector bundle whose vertical part P is defined by a 3-dimensional linear Poisson
tensor. To apply the above results to this case, we present a classification of all
3-dimensional linear Poisson structures which admit only constant Casimir functions.
We show that there are five non-isomorphic families in which this occur, and in most
of these cases, the symplectic foliation is an open book foliation.



Chapter 1

Bigraded Cochain Complexes. Algebraic
Framework

In this chapter, we study the first cohomology group of a cochain complex (C,d),
where C is assumed to be a Z x Z-graded R-vector space such that the coboundary
operator 0 has the following bigraded decomposition:

0=010+ 001+ 627_1. (1.1)

We say that a cochain complex of this kind is a bigraded cochain complex. In
differential geometry, a classical well known example of a coboundary operator with
bigraded decomposition as in (1.1)) is the exterior differential on fibred or foliated
manifolds (see, for example, [30, p. 184], [2, p. 3-6]). Also, bigraded cochain
complexes have great importance in the study of the Poisson cohomology groups of
regular structures (see [32], [§]).

We study some properties of bigraded cochain complexes in the general
(abstract) case. Also, as our main result, we present a short exact sequence for the
first cohomology group of bigraded cochain complexes. Such result, Theorem [1.2.2]
is, up to our knowledge, not well-known in the literature. To derive it, we develop
some properties on bigraded cochain complexes and conclude using some theory on
homological algebra.

This chapter is divided in three sections. In Section we present some
preliminary notions of graded modules and algebras, which will be needed
throughout this work. In Section we set the problem to be addressed and
present the main result. We also define some objects we need in order to state the
main result: a coboundary operator, a subspace of cocycles for this new operator,
and some morphism from this space to the second cohomology space of such
operator. These objects are intrinsic in the bigraded cochain complex, and they
acquire geometric meaning when we apply this general scheme to the Lichnerowicz
- Poisson complex in the context of Poisson manifolds (see Chapter 4).

The proof of the main result of this chapter (Theorem is detailed in
Section We play with the properties of bigraded cochain complexes and, by
means of the bigraded components of the operator in and the objects presented
in the previous section, we first prove the existence of short exact sequences for
cocycle and coboundary spaces. Finally, we apply well-known results in homology
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6 1. BIGRADED COCHAIN COMPLEXES. ALGEBRAIC FRAMEWORK

theory [17] in order to derive de short exact sequence for the first cohomology group
of the complex.

In further chapters, some examples of bigraded cochain complexes are studied,
and we then apply the main result of this chapter to them. Specially, we apply
this abstract result to the Lichnerowicz - Poisson complex in the context of Poisson
manifolds with singularities.

1.1 Bigraded modules

Let R be a commutative ring with identity and (G,+) an Abelian group. An
R-module C is said to be G-graded if, for each g € G, there exists an R-module CY

such that
c=@gpc.
geG

Elements of | | e CY are called homogeneous and, for each nonzero homogeneous
element 1 € C, the degree |n| is defined by the unique g € G such that n € CY.

A G-graded R-algebra of degree d € G is a graded G-module A equipped with
an R-bilinear operation

ot Ax A— A

such that
Ao A C ATHITh g heG.

If C and D are G-graded R-modules, then a graded morphism of degree g € G
is an R-linear morphism L : C — D such that L(C") ¢ D9 Vh € G. The
R-module of graded morphisms of degree g is denoted by Hom% (C, D). Note that

HomY, (C, D) o Hom/ (D, £) € Hom%™"(C, €).

The R-module of graded endomorphisms of degree g in C is defined by
Hom%, (C,C) and denoted by End%C. Moreover,

End%C := @5 End}C,
geG

is an associative G-graded R-algebra with the composition of graded endomorphisms
(EoF)(a) := E(F(a)).
This work is focused on the following special cases of graded algebras:
e A Z-graded algebra is simply said to be a graded algebra.

o A 7 x Z—graded algebra is said to be a bigraded algebra.



1.1. BIGRADED MODULES

It is clear that every bigraded module C can be endowed with a graded module

structure with the following Z-grading

c" = EB cPA,

P,qEZ
p+q=n

(1.2)

In this case, the Z x Z-grading is said to be compatible with the Z-grading in C. This
means that, for any n € C*, there exists, for each p,q € Z with p+q = k, Np,qg € CPY

such that
n= Z TNp.q-
p+q=k

The right-hand side of the last equation is called the bigraded decomposition of 7.
Moreover, if (A, o) is a bigraded algebra, then (A®, o) is a graded algebra with the
compatible grading. Observe that if C**® is a bigraded R-module, then

End%?C** C End%"C®,
where the grading of C® is defined as in (1.2)). Moreover, if the sum in
c=c
JEZL
is finite (i.e., only a finite number of C’ are non-zero), then the grading of EndzC*
is compatible with the bigrading EndrC**, i.e.,

EndiC = P Endj’C.
p+q=Fk

Example 1.1.1. Let M be a differential manifold and E a vector bundle of rank k
over M. For each n € 7Z, take
n
A" =T \E,
and A :=T \E. It is clear that (I' A E,\) is an associative graded C33-algebra,

where A is the usual exterior product. The following are particular cases of such

algebras:
o for E = T*M, denote the C3j-module of differential n-forms by %, =
T A"T*M. Moreover,
Q= Py,

nez

with its exterior product, is called the Cartan’s Z-algebra.

o Similarly, for E = TM, is denoted X%, := T N"TM and its elements are
called m-vector fields; ' AT M is denoted by xar and is elements are called

multivector fields.
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1.2 Main results

In this part we introduce the concept of bigraded cochain complex, which is a
cochain complex (C,d) with a compatible bigrading for C, in the sense of equation
(1.2)), and a particular bigraded decomposition of the coboundary operator 0.

We will give the precise definition of a bigraded cochain complex, set the general
problem and state the main result. We derive short exact sequences for cocycles,
coboundaries, and cohomology groups of 0, which are presented in terms of some
objects intrinsically defined by the bigraded cochain complex.

Later on, in Chapter we will apply these general-algebraic results to the
Lichnerowicz - Poisson complex.

1.2.1 Setting of the problem
Let C be a graded R-vector space,
c=pcr,
neZ

and 0 : C* — C* a coboundary operator of degree 1, i.e., & € End;C® such that
0% =000 =0. Such a pair (C*,0) is said to be a cochain complex.

Additionally, assume that C is a bigraded R-vector space,

C** — @ Cp’q,

D,QELXZ

such that this bigrading is compatible with the original grading in C:

c'= P ¢, vnel

p+q=n

Further, assume the following properties:

1. If p < 0 or ¢ < 0, then CP? = {0}.

2. For each k € 7Z, we have the splitting

EndfC® = P Endjic**. (1.3)
pta=k

3. The coboundary operator 9 splits in the sum of three bigraded operators
0=01,0+ 00,1+ 021, (1.4)

where 9; ; € Endy’C** (i, j) € {(1,0),(0,1), (2, -1)}.
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Recall that L € EndR?C®* if and only if L(C™®) C C"™P*t1 Vr,s € Z. The
right-hand side of equation (1.4)) is the bigraded decomposition of the operator 0.

Definition 1.2.1. A bigraded cochain complex (C,0) is a cochain complex
satisfying all conditions given above.

Some immediate consequences of the first property are
cY =", (1.5)
CT"=0 Vn>0. (1.6)

In particular, equation (1.3) is satisfied if only a finite number of C™’s are
non-zero. It is useful to take into account the following diagrams associated to
a bigraded cochain complex (C, 9):

P
82,1 00,1

01,0
CPt+2.9-1 crtia cpatl

COO

PN
TN
W\
T TN

Since 0 is a coboundary operator, representation (|1.4 ) implies that
0=0*= (010 + o1 + 02,1)*
=051+ 05 _1 + (01,0001 + 90,101,0)
+ (01,002,-1 + 02,-1010) + (019 + O2,-180,1 + Bo,102,-1).

Note that, in the last sum, operators with the same bidegree are grouped in a
parenthesis. Because of (|1.3]), the condition for 0 to be a coboundary operator reads

83,1 =0, ( )

35,71 =0, ( )

01,000,1 + 00,1010 = 0, (1.9)
01,002,—1 + 02,1010 = 0, (1.10)

3%,0 + 02,-100,1 + 0p,102,—1 = 0. (1.11)
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Equations ([1.7)) and ([1.8)) imply that Jp 1 and 0o, are also coboundary operators
in C. Therefore, it is convenient to present the following notation: given a cochain
complex (€°,4), we define:

e the space of d-closed elements in £F, also named k-cocycles,
ZF = ker(0: EF — gFTLY;

e the space of J-exact elements in £, or k-coboundaries,
BY :=TIm(5: EF1 — £F);

e the cohomology k-space,

Zk
Hg =20
k
86
Moreover, if £ has a compatible bigrading, then we will denote
zZ09 = Z§+q N EP and B2 = BT e

So, our point is to study the first cohomology group of (C®,0) in terms of the
bigraded components of the coboundary operator 0.

1.2.2 Splitting theorem for the first cohomology

Here, we formulate the main result related to cocycles, coboundaries and cohomology
of operator 0. First of all, taking into account equations ([1.7)-(1.11)), we observe
that n = 110+ 10,1 € C* is a cocycle of 9, i.e. dn = 0, if and only if

O1,0m,0 + 02 —1m0,1 = 0, 00,1m1,0 + O1,0m01 =0 and 0o,1m0,1 = 0.

In the same fashion, 7 = 119 + 70,1 is a coboundary of 0, i.e. n = Jf for some
f €Y if and only if

O10f =m0, and o1 f =mno,1-

Therefore, computation of 9-cohomology is reduced to the study of above equations.

Our main result is formulated as follows:

Theorem 1.2.2. Let (C,0) be a bigraded cochain complex. We have the following
short exact sequences for cocycles, coboundaries and cohomology groups of C

0— Z5 < Zj = kerp =0, (1.12)
1 1 1
0= B =By — By, =0, (1.13)
ker p
1 1
0— H51,0 — Ha — @Ol — 0. (114)

Here, D1 : Zg(’)ol — Zg:ll’o is a coboundary operator given by the restriction of O
to Zé(’)ol, and p: A — 7—% is a canonical morphism from a subspace A C Zg(’)ll to
) 1,0 ,

the second cohomology space of 5170.
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We now present some particular cases of the previous theorem.
Corollary 1.2.3. The following are consequences of equation ((1.14]).
1. Assume that the first cohomology group of Oy is trivial. Then,

1,1
Ha_HélO'

2. Suppose that the operator 01 is identically zero. Then, 019 is a coboundary
and

Hy ~ Hp, , @ ker(p),

where
ker(p) ={Y € A| 0z,_1Y is 01 — ezact}.

Notice that the coboundary operator 5170, the subspace A and the morphism p
are intrinsically defined by the bigrading of the complex. Below, we will describe
more precisely these objects.

1.2.3 Coboundary operator 5170

Lemma 1.2.4. For any p,q € Z,
d10(2R) C 25T (1.15)

Moreover, for any n € Zg(’)ol, we have 81270(77) = 0. Therefore, there exists a cochain
complex (Z(;(’Jol ,01,0), where

o0 _ p,0
230,1 T EBZGOJ
PEL

and 51,0 = 8170|Z(;’0 is the restriction of 01 to Zé(’)ol.
0,1 ’

Proof. If n € Zg(’)ql, then dp1n = 0. Therefore, 9y1(d10m) = —01,0(001n) = 0,
in virtue of equation (1.9). So, d10n € Zg:ll’q, proving equation ([1.15)). For the

second part, take n € Zgéol. Then Jp11m = 0, and 02, _1n = 0, since it has bidegree

(p+ 2,—1). From (1.11)), it follows that 8%7077 = —02,-100,1m — 00,102,—1m = 0, as
desired. m

By a bigrading argument, it is clear that a|25’0 = 8170|25,o . By (L.15)), we
0,1 0,1

conclude that for each p € Z, we have 5170 : Zg(’)ol — Zg:ll’o.
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1.2.4 Subspace A

Because of our previous development, the operator 0; ¢ naturally restricts to the
subspaces of 0y 1-cocycles, 01 : Zg(’)ll — Zé(’)ll. Note that, in Zé(’)ll, there is the
subspace of 0y 1-coboundaries, Bé;)ll C Zé(’)ll. We now consider the subspace A C

Zg(’)ll such that the following diagram commutes

c 0,1
A Zao,l

31,0l ial,o

BLL Z11
o,1 do,1

More precisely, define the subspace A C Zé(’)ol consisting of elements whose image
under 01 o has trivial dp 1-cohomology: 7

A= {Y S Zg(’)ll ‘ 8170(Y) is 80’1—exact}. (1.16)
The last definition means that for each Y € A, there exists 5 € C1'° such that
01,0(Y) = —00,1(B). (1.17)

Note that Bg(’jll C A. Indeed, a typical element of Bg&ll has the form 0y f, for

)

some f € C%. Because of equation (1.9)), we have 9 g (6071]’) = —0p1010f. So,
Ooaf €A, with =010f.

Lemma 1.2.5. For arbitrary Y € A and B € C'¥ satisfying equation (1.17)), the
following equalities are satisfied:

90,1 (01,0(B) + 02-1(Y)) =0, (1.18)

81,0 (6170(,8) + 82771(Y)) =0. (1.19)
Proof. The first identity follows from equations (|1.9]), (L.11)) and (1.17]):

90,1 (01,0(B) + 02,-1(Y)) = 80,101,0(B) + 8o,102,-1(Y)
= —01,000,1(8) — 07 o(Y) — 82,-180.1(Y)
= —01,000,1(8) + 01,000,1(B8) — 02,—1(0) = 0.

On the other hand, using equations (|1.10)), (1.17), and (1.11f), we get

010(010(8) + 02,-1(Y)) = 87 o(B) + 01,002, 1(Y)
= 07 (8) — Ba,-1010(Y)
= 8%70(6) + 02,-100,1(8) = —00,102,-1(8) = 0.

The last equality is clear since 02 —1(3) has bidegree (3,—1). m
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1.2.5 Morphism p

Observe that equation (1.18]) means that 01 (8) + 02,—1(Y) € 238?1’ and equation
(1.19) implies 01,0(8) + 02,—1(Y) € Zgl . Therefore, it makes sense to consider the

gl,o—cohomology class of 01,0(8) + 02,—1(Y).
Lemma 1.2.6. For each Y € A, the 01 0-cohomology class

[01.0(8) + D21 (Y)] € H3

does not depend on the choice of B in equation (1.17)).
Proof. Fix Y € A. If 8,8 € C10 satisfy equation (I.17)), then 91 0(Y) = —01(8),

and (‘31,0(1’) = —80’1(6,). Note that [(‘3@(5) + 32771(1/)] = [8170(ﬁ,) + (92,71(}/)] if
and only if d1(8 — f') € [%1 . Since 01,0 is the restriction of d1 to Z(%,O R URE

sufficient to show that 3 — 3’ € Zéo ¥
do1(6—B") = 00,1(8) =001 (B') = D2 -1(Y) = Bz, -1 (Y) = 0.
[

Corollary 1.2.7. There exists a canonical morphism p: A — ’H%l . given by

p(Y) == [010(By) + 02, -1(Y)],
where, for a fized Y € A, By € CY0 is arbitrary satisfying equation (1.17)).

Note that Béo . C kerp C A. Indeed, a typical element in Béo . has the form
Do f for some f € COY. Also, recall that Y = 9o 1 f and B = 0 f satisfy equation
(1.17). For this choice of 3, we have,

p(Do,1f) = [01,0(8) + 2,—1(Y)] = [07 o(f) + D2,—1(0o,1.f)] = [~00,102,-1.f] = [0],

proving that Bg(’)ll C ker p.

1.3 Short exact sequences

Here we present a proof of Theorem which is divided into few steps.

1.3.1 Cocycles

In the previous section, we have defined a canonical morphism p : A — 7-[%10,
whose kernel contains the 0y i-exacts elements. Now, it will be shown the existence
of some short exact sequences which allows us to express the first cohomology space
of 0 in terms of its bigraded components.
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Proposition 1.3.1. There is a canonical inclusion %1 , C Z(%. Furthermore, there

exists a short exact sequence

0—>Z% <i>Z(rl9po—’1>kerp—>0, (1.20)

[

0

where po,1 = Pro,llzé is the restriction of the projection prg; : Cct — C% o Zé.

Proof. If n € Z%lo, then n € 26198?1 and 51’0(77) =0, ie, neCY, doan = 0 and
O1,0n = 0. Therefore, 92 _1n = 0. This proves that

on = 0p1n + O1,0n + 02 —1m = 0.

So, Z‘% - Zé. Hence, we have the natural inclusion Z% <y Z((l). Now, take
1,0 1,0

n e Z}), where n = 8+Y, 3€C" and Y € C%!. Condition 7817 = 0 splits into the
following relations:

al,oﬂ + 82,_1Y =0, (917()Y + 80,1ﬂ =0, 80,1Y = 0.

Since 01,0Y = —0p,13, we have Y € A. Moreover, since 01,98+02 1Y = 0, it follows
that

p(Y) = [010(8) + 02,1 (Y)] = 0,

and po1(n) = Y € kerp. This proves that po1 : 25 — kerp is well-defined.
Moreover, let us show that this map is surjective. Fix Y € ker p. Inclusions ker p C
A C Zgéi, imply that Y € Zg(’)yll and Y € A. Condition Y € Zg(’)’ll reads 0p,1Y = 0;
since Y € A, there exists 3 € C1Y such that 01 0Y + 8918 = 0. Finally, Y € kerp
implies that there exists 6 € Zéo’l such that

81,0(/8) + 62,71(Y) = 81709.

Now, we define n = (8 — 0) +Y. Then, pry;(n) =Y and

on

(6170(5 — 9) + 82,_1Y) + (8071(,8 — 9) + (91,0Y) + 80,1Y
(01,08 + 02,—1Y) — 01,00] + [(00,18 + O1,0Y) — 00,10] + 0
0.

So, n € Z} is such that po1(n) = Y, which implies that po1 : 2} — kerp
is surjective. It remains to prove that Im(:) = ker(ppi). It is clear that if
n e 2%10 C CH0, then (pp1 0 2)ny = pro n = 0, and Im(z) C ker(po1). Now, let
n € Z} be such that pg1n7 = 0. Then n € C10 91 0mn =0, and 9 11 = 0. This simply
means that 7 € Z$1 . Hence Im(z) D ker(po,1), as desired. m

This proves (L.12) in Theorem [1.2.2]



1.3. SHORT EXACT SEQUENCES 15

1.3.2 Coboundaries

In a similar fashion, there exists a short exact sequence for coboundary spaces. By
definition, it is easy to see that

By={010f +d1f | F€CY, By, ={81f|feC’),  proi(By) =By,
Moreover, we need the following result.

Lemma 1.3.2. We have the following equality:

ng = Zgw N B} (1.21)

Proof. Clearly, [%1,0 C Z%LO. Now, let us prove that Z%LO C B}. Observe that
RS I%LO is equivalent ton € Zé(’fl and the existence of f € Zg(’)?l such that n = 010 f.
Hence,

Of =0 0f +0o0,1f =0of =n,
proving that n € Bé, as desired. Conversely, if n € Z%LO N Bé, then n € CM0,

o1on = 0, do1n = 0, and df = n for some f € C°. The last equation means
n = 010f + do.1f, but condition n € C¥ implies dp1f = 0 and n = dof. Hence,
fe Zg[’)ol and n = 5170 f, proving that n € [%1 . This completes the proof. m

Proposition 1.3.3. There is a short exact sequence

1 i 1 Pro1 1
0— 851,0 — By —— 15’3071 -0

where pro1 = pro,l\B}) is the restriction of the (0,1)-projection pry, : Ct — CO1.

Proof. 1t is clear by its definition that pro; : Bé — B%,Ol is well-defined. On the
other hand, the existence of the natural inclusion ¢ : Z%l . Bé follows equation

(1.21). Moreover, note that l%l , C C% = ker(pry ) so Ifn(z) C ker(pro,1). Finally,

if n € ker(pro,1), then n € Bé and pry;n = 0. Therefore, there exists f € C° such
that
n=0oi0f~+0,f, and  Jo1f =0.

1 1 . . . . 1 .
Hence, n € 251,0 N Bj, which, in virtue of equation (L.21]), means that € 851,0’ ie,
n € Im(2), as desired. m

This result proves (1.13)) in Theorem [I.2.2]

1.3.3 First cohomology

The following algebraic facts allow us to construct a short exact sequence for the
first cohomology of 0.
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Lemma 1.3.4. Let V, W be R-vector spaces, with V. C W. Consider subspaces
VoV, Wo CW. Then, Vo DV N Wy, if an only if there is a natural inclusion
(injective map)

W w

WV
such that the diagram

[

Fr~—13

Sk~

commutes: twly = [w].
Proof. Define 1 : %) — Y by 1[w]o := [w], where [w]y denotes the class of w in %

and [w] the class of w in ﬂo Is clear that 1 is well-defined. Indeed, for w’ € [w]o,
there exists vy € Vp such that w = w’ + vg. Because of vg € Vy C V, it follows that
[w] = [w']. So, 7 is well-defined. On the other hand, this application is R-linear,

1([wlo + afulo) = 1w + aulp = [w + au] = [w] + afu] = 1wy + arfulp.
Also, 7 it is injective since
ker() = {[w]o e W | [u] = o} - {[w]o eWa|we V}
C{[w]oe%’ \wGVmWO}:{[w]Oe% \wevo}:{()}.
n

Lemma 1.3.5. Let V, W be R-vector spaces, with V-C W, andp: W — Wi a
linear surjective map. Consider a subspace Vi C Wy such that p(V)) C Vi. Under
this conditions, there exists a linear surjective map p : % — %1 such that the
following diagram commutes,

p
W —W;
WP
v = Vi

where the down arrows are the canonical projections, that is, [p(w)]1 = plw].

Proof. Let us show that the quotient map plw] := [p(w)]; is well-defined. Take
w’ € [w]. Then, there exists v € V such that w = w’ + v. Because of p(V) C V1, we
have p(v) € Vi; therefore, p(w) = p(w') + p(v) implies that [p(w)]1 = [p(w’)];. This
shows that p is well - defined. R-linearity is clear,

p([w] + efu]) = plw + au] = [p(w + aw)) = [p(w)]1 + alp(u) = plw] + aplu].
Now, take w € Wj. Since p is surjective, there exists w’ € W such that p(w’) = w.

Note that p[w’] = [p(w’)]1 = [w]1, proving that p is surjective. m

Finally, the following short exact sequence is a consequence of our previous
results:
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Proposition 1.3.6. There is a short exact sequence

1
0— 7—[517 — Hp Bl 0.
0,1
Proof. In the following diagram
0 0 0
0—= 85, By =Bl —0
0 2%10( > Z] 2ol ker p 0
241 vl POl ker p
)0—— A1 0 >Hy > 85071 — ()
0 0 0

every column is a short exact sequence by definition, and alse the first two rows,
by Propositions and Furthermore, this is a commutative 3 x 3 diagram.
Indeed, it is clear that

1 2 1 1 Proal 1
BT’O B B BTl
0,1
e

commute since the down arrows are natural inclusions and the right arrows are the
restrictions of the same maps: in the left-hand side diagram, the natural inclusion,
and in the right-hand side diagram, the map pry ; : C' — C%!. On the other hand,
the diagram

1 7 1
25,25
H: ol

1.0 9

commutes if we take 2 : ’H%l ., 7—[(19 as the quotient map given by Lemma |1.3.4
applied to W = Z}, Wy = BL, V = ;%l o Vo= l%l ,» since Lemma [1.3.2/ implies
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Vo =V N W, for this case. In a similar fashion,

ker p
T
Bf’o, 1

top = po1, W = Zé, V = Bé, Wi = kerp, V1 = Bém. This can be done since
p071(Bé) = Béo’l. Therefore, our first diagram satisfies all hypothesis of Lemma 3.4
in [I7, p. 366]. So, we can conclude that the last row of this diagram is a short
exact sequence, as desired. m

commutes by taking pg 1 : ’Hé — as the quotient map in Lemma |1.3.5| applied

This completes the proof of Theorem [1.2.2

Proof of Corollary . Recall that B})M C kerp C A C Zém. If the first

cohomology group of Jy 1 is trivial, then Béo L= Zéo , and all the spaces in above

ker p
B

coincide. In particular = {0}, proving the first part of the Corollary. For

1
90,1
the second part, if dy; = 0, then Zé(’)ol = CL0 and 5170 is precisely 0p,1. Moreover,
morphism p is just given by p(Y) = [02,-1Y]. So, kerp ={Y € A| 0y 1Y is 01 —
exact}. m



Chapter 2

Graded and Bigraded Operators in Manifolds

In this chapter we review the main tools which allow us to apply the results of
Chapter [1] in the context of Poisson cohomology:

e Graded derivations of the algebra of sections on vector bundles [13];

e Frolicher - Nijenhuis calculus, which includes Frolicher - Nijenhuis
decomposition theorem and Frolicher - Nijenhuis bracket [19] 13];

e differential operators in the Cartan’s algebra [14];

e Schouten - Nijenhuis bracket, presented by using the formalism of differential
operators [14} 20];

e theory of generalized connections, which gives rise to bigraded calculus in
manifolds [13].

We begin with the theory of derivation in graded algebras, specially, we will be
focused on the algebra of sections of vector bundles. In particular, for the tangent
bundle case, we present the Frélicher - Nijenhuis decomposition theorem, which
allows us to define the Frolicher - Nijenhuis bracket of vector-valued differential
forms. Then, we review the theory of differential operators in the Cartan’s algebra,
which we apply in order to present the Schouten - Nijenhuis bracket of multivector
fields. Finally, we present the concept of generalized connection in a manifold. This
is a generalization of Ehresmann connections in foliated manifolds and fiber bundles.
With this tool, we study the bigraded decomposition of the exterior differential, and
find the Frolicher - Nijenhuis decomposition of its bigraded components.

2.1 Derivations of graded algebras

Graded and bigraded algebras. Recall that a graded R-algebra of degree k € Z
is an R-algebra (A, o), where A is a Z-graded R-module, with

A= An,

ne”L

and o : A x A — A satisfies the following condition for any m,n € Z:

Am OA” g Am+n+k'

19
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Every non-zero element of (J,.; A" is called homogeneous, and, for each
homogeneous element a, we denote by |a| the only n € Z such that a € A".

We now present the concepts of graded exterior, Lie and Poisson algebras, for
which we customize the notation of the product.

Definition 2.1.1. A graded R-algebra of degree zero (A,N) is said to be a
graded exterior algebra if the product A satisfies the following properties for
any homogeneous elements a,b,c € A:

e a/A(bAc)=(aAb)Ac (associativity);
e a Ab=(—1)?llh A g (graded symmetry).

Definition 2.1.2. A graded R-algebra (A, [,]) of degree k is called a Lie algebra if
[,] is a Lie bracket, i.c., it satisfies the following properties for any homogeneous
elements a,b,c € A:

o [a,b] = —(—1)el+R)P+R) B o) (graded skew-symmetry);
e [a,[b,c]] = [[a, D], ] + (=1)Uel+RB+R) b [a, ]] (graded Jacobi identity).

We will now define the concept of graded Poisson algebra, which is a Lie algebra
compatible with an associative operation via the graded Leibniz rule.

Definition 2.1.3. The triple (A,o,[,]) is called a graded Poisson algebra of
degree k if the following conditions are satisfied:

e (A, o) is an associative graded R-algebra of degree zero,
e (A, [,]) is a Lie R-algebra of degree k, and

e the graded Leibniz rule, [a,boc] = [a,b]oc+ (—1)1e+8)bo [a, ], hold for any
homogeneous elements a, b, c € A.

Example 2.1.4. For any R-graded algebra A, (Endy.A, o) is a graded associative
R-algebra, where o is the composition of graded endomorphisms. Moreover, the
commutator of graded endomorphisms [E,F] = E o F — (=1)IPIWFIF o E is a
Lie bracket and (EndykA, o,[,]) is a graded Poisson R-algebra of degree zero.
Furthermore, End%, A is an A-module with the action (a,E) — a A E given by
(aNE)(Db):=aNE().

Also, recall that a bigraded R-algebra A of degree (ki, k2) € Z X Z is an R-algebra
(A, o), where A is a Z x Z-graded R-module

A= @ 4
P,qEZL
and o : A x A — A satisfies the following condition for any (mq,ms), (n1,n2) € Z:

Almim2) o g(nin2) « g(mitnitkimetnatks)
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Every non-zero element of (J, ., A™? is called homogeneous and, for each
homogeneous element a, we denote by |a| the only (p,q) € Z x Z such that a € AP,

Now, consider two graded R-algebras (A1, 0) of degree k, and (Asg, o) of degree
[, whose respective gradings are

P A=Al
pEZ qEZL

The tensor product A := A; ® Ay can be naturally turned into a bigraded R-algebra
as follows: The bigrading is given by

A= P A, (2.1)

p,qEL

where AP7 := A} @ AJ for each (p,q) € Zx Z, and o : A x A — A is defined on
decomposable elements a ® A, 5 ® B by

(a®A)o(B® B) = (=1)BHFRIARD (4 6 8) @ (A 0 B), (2.2)

and then in the whole A x A by linear extension. Moreover, (A®, o) has a graded
algebra structure which is compatible with the bigrading given by

A = @ AP

(P.q)ELXZ
p+q=n

Proposition 2.1.5. Let (Ay,A) be a graded exterior algebra.

1. If (Aa, A) is a graded exterior algebra, then (A®,N), defined by (2.1)) and (2.2),
is a graded exterior algebra.

2. If (As,[,]) is a graded Lie algebra of degree k, then (A®,[,]), defined by (2.1
and , 1s a graded Lie algebra of degree k.

3. If (A1, A) is an exterior algebra and (Az, A, |[,]) is a graded Poisson algebra of
degree k, then (A®, A, [,]) is a graded Poisson algebra of degree k, where A® is

defined by (2.1) and A and [,] are defined as in (12.2)).

Observe that, for each of the cases of the last Proposition, equation (2.2) reads

(@@ A)A(BeB):=(-1)"M(anp) @ (A B),
lo® A, 8® B] = (-1)/lA+R) (0 A B) ® (4, B].
Graded derivations on the algebra of sections on vector bundles. We first

present the concept of graded derivation on graded algebras. Later we develop this
notion on sections of tensor product of vector bundles.
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Definition 2.1.6. Let (A,o) be a graded R-algebra of degree k. A graded
derivation of degree p on (A, o) is an endomorphism D € End A such that, for
any homogeneous elements a,b € A,

D(aob) = D(a)ob+ (—1)1e+Rrg o D(b).

The set of all graded derivations of degree p on (A, o) is denoted by Derk (A, o),
or simply Der}, A. If we define

Derkx A := EB Der’, A,

PEZL
then it can be shown that Der% A is a Lie R-subalgebra of (End% A, [, ).

Example 2.1.7. If (A,[,]) is a Lie R-algebra of degree k and ay € A is an
homogeneous element, then its adjoint operator ad,, : A — A, defined by
adg,(a) = [ao,al, is a graded derivation, due to the Jacobi identity: ad,, €
Der‘féon(A, [,]). Moreover, if (A,o,[,]) is a graded Poisson R-algebra of degree
k, then adg, € Der‘féon(A, o), because of the Leibniz rule.

Example 2.1.8. If (A, A\) is a graded exterior algebra, then Deryk (A, A) is a left
graded A-module with the action (a, D) — a A D, where (a A D)(b) := a A D(b).

Now, consider a vector bundle (F,m, M). Recall that

F/\E:@F/n\E

nez

is a graded exterior C'j;-module, and, in particular, is an R-vector space. We will
study the space of its graded R-derivations, DergI' A E. The first important property
of these derivations is locality. Roughly speaking, local operators are natural with
respect to restrictions to open subsets.

Definition 2.1.9. A graded endomorphism D € Endr’ A E is called local if, for
each Ac T NE and U C M such that A|ly = 0, then DA|y = 0. More generally, an
R-bilinear map [,| : T NE xT NE — T' A E is called local if, for each A€ T\ E
and U C M such that A|ly =0, then [A,B]ly =0 for all BET \ E.

Proposition 2.1.10. If D € DergI' A E is a graded derivation, then D is local.

This property and the fact that I' \ E is a locally-free C{-module imply that
graded derivations are determined by its action in Cj} and I'E. Also, DergI’ A E is
a locally free graded left I' A\ E-module.

Algebraic Derivations.

Definition 2.1.11. A graded derivation D € Dergl' A E is called algebraic if
D(f) =0 for any f € C%;.
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Consider the C'j3-module

r (/.\E@)E*) =pr (/k\E@)E*) :

kEZ

It is clear that, for each k € Z, F( /\kE ® E*) is isomorphic to the CfFp-module
consisting of all C{p-linear alternating applications

K:TE*x---xT'E* — T'E",

where I'E* appears k times. In particular, F( /\0 E®E*) ~TFE* and F( /\1 E®E*) ~
End('E*). Also, I'( A\* E ® E*) has a graded left I' A\ E-module structure given by

(A, K) = ANK, where ANK € T( AP E® E*), is defined by

(ANK) (o, oppr) == Y (=1)7A(7D, . o PHK(a7PH) a7 (PFh)
UES(PJC)

forany Ac T AP E and K € I‘(/\kE®E*).
Remark 2.1.12. The notation Sy, 1) indicates the set of shuffle permutations
Sy =10 €Spir|o(l) <...<oa(p) ando(p+1) <...<o(p+k)}.

As a first example of algebraic derivation in I' A E, we present the insertion of
sections to the dual bundle: For each a € I'E*, define i, € Derﬂglf NE, asinf:=0
if f e C%, and

i Aal, ... ") = A(a,al, ... aP), (2.3)

ifAel /\k"'1 E. k > 0. More generally, the insertion of K € F( /\k'H E®E*), with
k > 0, defines a graded derivation of degree k. Indeed, define ix € Derﬂkgf NE as
follows: For f € C$2, put i f := 0 and, for A € T' A\ E, define

(ixA)(a',..., o) = Y (1)7A(K(a”W, ... a7t @7k F2) - golkta)),

TES(kt1,a-1)

It is well-known that ix defines an algebraic derivation. Furthermore, any algebraic
derivation is the insertion of an element of A £ ® E*.

Proposition 2.1.13. If D € Derﬁf/\E is algebraic, then there exists a unique
K e I‘(/\]CJrl E @ E*) such that D = i.

A proof of this can be found in [I3].
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2.2 Frolicher - Nijenhuis calculus

In this section, some of the previous notions will be considered in the case of
the algebra of graded derivations of the Cartan’s algebra Qp := TAT*M. In
other words, we now focus on the case £ = T*M. We first present the exterior
differential, which is an intrinsic graded derivation in 3;. Then, we state the
Frélicher - Nigenhuis decomposition theorem, which says that the algebra of graded
derivations splits into the direct sum of two subalgebras: the algebraic derivations
and the derivations which commute with the exterior differential.

Derivations in C}; and the exterior differential. Here we give a brief review
of vector fields and derivations of C%;.

Recall that C'}; has a structure of R-algebra with the usual product of real-valued
functions. In this sense, a derivation D € DerrC7; is an R-linear endomorphism
such that

D(f-g)=D(f) g+ f-D(g)

A way to define derivations of this algebra is using vector fields. Denote by X :=
I'T'M the R-vector space of vector fields. If X € X, is a vector field and p € M,
then X, € T, M is a tangent vector field, which is a point-wise derivation of Cf;:

Xp(f-9)=Xp(f) - 9p) + f(p) - Xp(g)-

If we define X(f) : M — R by X(f)(p) := X,(f), then X(f) € Cfy, and the
map X : O — Cfg, f — X(f) is a derivation of C3;. Conversely, for any
D &€ DerrC5y, there exists a unique vector field X such that D = X.

Proposition 2.2.1. We have a C}p-module isomorphism: Xy ~ DerrC7Ry.

Since DerrCjyy has a Lie R-algebra structure with the commutator [D,E] =
DoFE—FEoD, we can define a Lie bracket of vector fields via the above isomorphism
by [X,Y](f) := X(Y(f)) — Y(X(f)). The Lie bracket of vector fields allows us to
define the exterior differential in the whole graded algebra ;.

Definition 2.2.2. The exterior differential d : Qp; — Qs is the unique graded
derivation d € Derk Qs satisfying df(X) := X (f) if f € Cp, X € Xy and

da(X,Y) = X(a(Y)) - Y(a(X)) — a[X,Y] Va € Qly, X, Y € Xy
It follows from its definition that, for any « € Q]fw, we have

k
da(Xo,...,Xp) = 2:(—1YLXAaLXm.”,X;.”7X@»

1=0
+ Z(—l)”ja([Xi,Xj], X(], ce ,5(\1', ce ,Xj, ce ,Xk)

1<J
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Moreover, because of the Jacobi identity of the Lie bracket of vector fields, the
exterior differential is a coboundary operator: d? = 0. Thus, the pair (2)7,d) is
a cochain complex called de Rham complex. Also, these properties are also
consequence forme the fact that the exterior differential is the differential of a Lie
algebroid in the tangent bundle.

The Lie derivative and Frolicher - Nijenhuis decomposition theorem. In
the previous section we review that every vector - valued differential form induces
an algebraic derivation and conversely. Indeed, if K € QF(M;TM), then i €
Der]’f%_lﬁ m- Now, we present the notion of the Lie derivative along vector - valued
differential forms. This extends the well - known Cartan’s formula of vector fields.

Definition 2.2.3. For each K € Q¥(M;TM), the Lie derivative along K, L, is
defined by L = [ix,d] € DerﬁQM, where d s the exterior differential.

It follows from the definition of the Lie derivative and the Jacobi identity of
the graded commutator that the exterior differential commutes with any L, K €
QF(M;TM). Note that for k = 0, QO(M;TM) = Xp;. In this particular case, the
identity Lx = [ix,d] = ixd + dix is called the Cartan’s formula. The following are
the Lie derivatives of a ¢-form 8 along a vector field X and of a 1-form w along a
vector-valued 1-form ~:

LxB(X1,..., Xg) = Lx(B(X1,...,Xg)) = D B(X1,...,[X,Xi],.... X,), (24)
=1
Lyw(X,Y) =7 X(w(Y)) - w[yX, Y] = 7Y (w(X)) — w[X,7Y] + w(7[X, Y]).

We now review the Frolicher - Nijenhuis decomposition theorem. This result
allows us to parameterize the algebra of graded derivations of 2, via vector-valued
forms on M. The proof of this theorem can be found, for example, in [19].

Theorem 2.2.4 (Frolicher - Nijenhuis Decomposition). For each D € DerﬁQM,
there exists unique K € QF(M;TM) and L € Q¥ (M;TM) such that D = Ly +if,.
This representation for D is called its Frolicher - Nijenhuis decomposition.

From the Froélicher - Nijenhuis decomposition Theorem, one can decide for any
graded derivation D =i + Lk that

e D is algebraic if and only if K = 0;
e D commutes with d if and only if L = 0.

Frolicher - Nijenhuis bracket. If K € QF(M;TM) and L € QY (M;TM) are
vector - valued forms, then Lx € DerﬁQ mand L, € DerfRQ  are graded derivations
which commute with the exterior differential. It follows from the Jacobi identity
that [Lx,Lr] is also a graded derivation commuting with the exterior differential.

Because of the Frolicher - Nijenhuis decomposition theorem, there exists a unique
(K, L] € Q¥(M;TM) such that [Lr, L] = L 1)-
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Definition 2.2.5. For each K,L € Q°*(M;TM) the unique vector valued form
[K,Llpn € Q*(M;TM) that satisfies the identity

(L, L] = Lk 1) py
1s called the Frolicher - Nijenhuis bracket of K and L.

As an immediate consequence of definition, the pair (Q*(M;TM),[,]rn) is a
graded Lie R-algebra. Moreover, if K, L € QV(M;TM) ~ X, then the Frélicher
- Nijenhuis bracket [K, L]py coincides with the Lie bracket [K, L] for vector fields.
In particular, for X, Y € Xy and K, L € QY(M;TM), we have

(K, X]pn(Y) =[KY, X] + K[X,Y],
(K, Llpn(X,Y) =[KX,LY] — [KY,LX] — LIKX,Y] + L[KY, X]
— K[LX,Y]+ K[LY,X] + (LK + KL)[X,Y].  (2.5)

Below, we find the Frolicher - Nijenhuis decomposition of the exterior differential.

Example 2.2.6. Recall that the exterior differential d is a graded derivation that
commutes with itself ([d,d] = 0). Therefore, there exists K € QY(M;TM) such
that Lx = d. Note that the identity Idpps : TM — TM induces a vector - valued
1-form Idpps € QY(M;TM) by the identity in Xpr. If w € QF(M), then

k
iIdTMw(Xla - ,Xk) = Z(—l)iilw(IdTM(Xi),Xl, - ,Xk> = k:w(Xl, - ,Xk)
i=1
Therefore, ia,,,w = kw. Furthermore, Lig;,,w = lildy,,,dw = id,,dw —

ditg,,,dw = (k+1)dw — kdw = dw, which proves that d = Liq,.,,. Since the exterior
differential d = Li4,,, commutes with any graded derivation of the form Lk, we
also have [Idry, K|pn = 0 for all K € Q*(M,TM).

The Lie algebroid differential. The notion of the exterior differential in the
Cartan’s algebra can be generalized to vector bundles via Lie algebroid structures.
Indeed, some of the most important examples of graded derivations in sections of
exterior algebras of vector bundles are coboundary operators. Those are induced by
a Lie algebroid in the dual bundle, and the corresponding coboundary operator is
called Lie algebroid differential.

Definition 2.2.7. A Lie algebroid is a triple (E, p,[,]), where E = M is a
vector bundle, p : E — T'M 1s a vector bundle morphism, called anchor map, and
(TE,[,]) is an R-Lie algebra such that it is satisfied the Leibniz rule

[A, fB] = f[A, Bl + Lynf-B, VA BETE, feCf.

It can be shown that the anchor map p : (TE,[,]) — (¥Xas,[,]) is a Lie algebra
morphism, where [,] is the Lie bracket of vector fields: p[A, B] = [p(A), p(B)]
VA, B €TE.
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For each x € M, p,(E,) C T, M is a subspace of tangent vectors at z. The image
of the anchor map p(E) C TM is a (singular) distribution, which is integrable in
the sense of Stefan-Sussmann (see [7]). Furthermore, a Lie algebroid structure on E
induces a graded derivation on the algebra of sections to A\ E™*.

Definition 2.2.8. Let (E,p,[,]) be a Lie algebroid over M. The Lie algebroid
differential dg : T \ E* — T' \ E* is defined by

k
dpa(Ao,. .., Ar) = Y (~1) Lyay (Ao, ..., Ay, Ay)
i=0
+ 3 (=DM a([As, Al Ao, Ay A A
1<J
As consequence of its definition, dg € Derﬁl“ N\ E* and d% = 0. Alternatively,
dp is the unique graded derivation in I' A\ E* satisfying

dEf(A) - 'Cp(A)fa dEa<A7 B) = ‘Cp(A)(a(B)) - 'Cp(B)(ﬁ(A» - a([[Av B]])

It is clear that the exterior differential is the differential of the Lie algebroid
(TM,1drp, [,]), where Idpps : TM — TM is the identity and [,] : Xpr X Xpr —
X is the Lie bracket of vector fields. Moreover, for any Lie algebroid (E,p, [,])
with differential dg, the map p*a(Ai,...,Ax) := a(p(A1),...,p(Ax)) is a cochain
complex morphism p* : (Qy7,d) — (I' A E*,dg).

In further sections and chapters, we present examples of Lie algebroid differential.
In foliated manifolds, the leafwise de Rham complez is induced by the differential of
a Lie algebroid defined by the foliation, and the Lichnerowicz - Poisson operator is
the differential of the Lie algebroid induced by the Poisson structure.

2.3 Differential operators on (1,

In the previous section we studied the algebra Derp()s of graded derivations
on the Cartan’s algebra Q). It is clear that Dergys is both a graded Poisson
R-subalgebra and an Qj7-submodule of Endp 2.

In this section, we present the differential operators in ;. This subalgebra of
endomorphisms is more general than graded derivations. Our goal is to define the
Schouten - Nijenhuis bracket of multivector fields via differential operators [14].

Example 2.3.1. Any w € Q’fw induces a graded endomorphism p, € EndﬁQM by
po(a) == w A a. The map p: (2, A) — (EndgpQar, o) given by w — p, is an
injective graded algebra morphism. So, we can think of Qur as a graded R-subalgebra
of (EndgQays, o).

Definition 2.3.2. If D € EndgpQu and r € NU {0}, D is said to be a graded
differential operator of order equal or less than r if, for any ag,...,a, € Qur,

[ 1D, pagls ol -+ s pra,] = 0.
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The space of graded differential operators of order equal or less than r is denoted
by D,(M) for r > 0. Also, define D,(M) = {0} if » < —1. Alternatively, D, (M)
can be recursively defined by D, (M) = {0} for » < —1 and, for r > 0, by

D, (M) = {D € EndQu | [D, pa] € Dy_1(M) Va € Q.

Clearly, {0} = D_1(M) C Do(M) C --- C Dp(M) C Dypy1(M). For any r,k € Z
denote by DF(M) := D,.(M) N Endﬂl‘éQM the space of differential operators of degree
k and order equal or less than r. Finally, we define the space of graded differential
operators of the Cartan’s algebra (23, by

D(M) := P D, (M).

reZ

Because of the graded symmetry of the exterior product in s, it follows that
[Hags o] = 0 for any ap,a € Qp, implying that pe, € Do(M). Conversely,
if D € Do(M), then 0 = [D,ua](1) = D(a) — D(1) A a = D(a) — pp)(a)
Va € Qp, where 1 € CF; denotes the constant function. This proves that, for
each D € Do(M), D = pp(yy. Therefore, i : Qpr — Do(M) is an isomorphism:

Every graded derivation in ;; is a differential operator of order equal or less
than 1; conversely, if D € Dy(M), then D — D(1) is a graded derivation. Hence,

DY (M) = Dert Qs @ Q.

It can be shown that every differential operator in 2, is of local type. Moreover,
for each nonnegative integer r, D, (M) is a locally free Qp/-module. The following
result gives an explicit representation of a differential operator in a local chart.

Theorem 2.3.3. Let M be a differential manifold of dimension m and (U, ¢) a local
chart with coordinate functions x*, 1 < i < m. Then, D,(U) is a free Qu-module,
and is generated by

Lo, ..o L o] o...0i }
{ o Om = Osa(z) %1 S al+ap)<r”

where a, B are multi-indexes such that 1 < By < ... < By < m. Ezplicitly, if
D € D.(U) and denoting B = (Bag), - - -, 1) for B=(B1,...,Bae)), then

D= Z [[D,xa],(dw)ﬁ](l)[’glloOﬁg:: oi
Jal+d(3)=0

o...01ig, .
se) 0,

As consequence of the previous theorem, we have:

Proposition 2.3.4. Fvery differential operator D € D,(M) is determined by is
action on forms of degree equal or less than r.
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Proof. Consider each coefficient in the local representation of D, [[D, 2], (dz)z](1).
Since d(B) < r, if we expand each coefficient, then the only terms appearing are the
action of D on local differential forms of degree equal or less than . m

Corollary 2.3.5. If D € D%, with k > r, then D = 0.

T 2

Finally, note that D(M) is a graded Poisson R-subalgebra of (Endg$as,o0,[,])
with the composition and the graded commutator.

Proposition 2.3.6. For all r,s > 0,
1. Dp(M)oDs(M) C Dypys(M),
2. [Dr(M),Ds(M)] C Dyys—1(M).

The proof can be done by induction on the sum of the orders r and s, and using
the recursive definition of the space of differential operators D, (M ).

The algebra of multivector fields. The Frolicher - Nijenhuis decomposition
theorem allows us to parameterize the graded derivations in 2j; by vector valued
forms (Theorem . We now consider a class of differential operators, which are
those of order k£ and degree —k, for each k € Z. We will show that such operators
can be parameterized using the exterior algebra of multivector fields.

The graded exterior C{j-algebra of multivector fields (x s, A) is defined by xas :=
D' ATM, where A is the exterior product. It is clear that X]f\/l = F/\k TM is
isomorphic to the C}p-module of all k-linear alternating applications

A Qb x - x QY — CFS.

In particular, x%, ~ C$% and x}, ~ X

On the other hand, fix a local chart (U, ). For a € Q% and A € x%, consider

their local expressions oy = %ail,,,ikddl A...ANdp"* and A|ly = %Ajl"'jk&p% A

A &fjk. Now, define locally (a, A) := e, 4, A", It is not difficult to check
that (,) : Xk, x Q% — O$9 is a well - defined C{3-linear operation, called pairing.
On decomposable elements,

(a* A AR XA LA X)) = det[a (X))

Moreover, the pairing induces a canonical isomorphism from X?M to (Q’f\/[)* given by
A (-, A). Hence, xk, ~ (Qk)*.

Parametrization of differential operators of order k¥ and degree —k. There
exists an insertion operator of multivector fields in 25;. For a k-vector field A € x%,,
a n-form o € %, and p € M we define

(0)(p) = 4794(5) (i_y_o...01 o) alp)

2271 oxIk
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where 1413’1"'3"@6)3:@].1 Ao A ag?ik is the local representation of A in some chart
(U,z',...,2™) around p. By straightforward calculation, it can be shown that i

is a well-defined (n — k)-differential form. Furthermore, we have

(iAO[)‘U:Ajl"'jkiL'O...OiL(OAU),
@¢]1 8¢]k

which shows that i4 is locally the composition of k& insertions of vector fields. By
Proposition ia € D,;k(M), called insertion of A € xj;.

It is clear that A +— i is Cfj-linear. Also, if X € X}\/[ = X, then ix coincides
with the insertion of vector fields introduced in Section[2.1] Moreover, iy = iyoiy.
Conversely, if the map i: xpr — D(M) satisfies the properties:

1. if X € X}w = X, then ix coincides with the insertion operator defined for
vector fields (see Equation ([2.3)),

2. for any U,V € xu, ipav = iy oy,

then i, is the insertion of A for each A € xs. Indeed, recall that multivector fields
are sum of decomposable elements. By the property 2, the map i is determined on
vector fields. Thus, property 1 determines such map. Moreover,

i:(xm,N\) — (@DZ—Z(M),O)

lez

given by U — iy is a graded C§j-algebra morphism.

We now show that the space of differential operators D,;k(M ) is parameterized
by k-vector fields. More precisely, for each D € D,;k (M), there exists A € XI?\/I such
that D =i4s. Thus, the map lew SArig € D,;k(M) is an isomorphism.

Lemma 2.3.7. FEvery differential operator in D,;k(M) 1s determined by its action
on the space differential forms Q?M

Proof. Fix D € Dk_k (M). By Proposition m D is determined by is action on
QF,, with 0 < p < k. On the other hand, for any a € QF,, with p < k, we have

D(a) € O/ ¥ = {0}, since p — k is negative. Therefore, D is zero on forms of
degree less than k, proving that D is determined only by its restriction to Qﬁ/f,
Dlgr : Q% — C%. =

M

Proposition 2.3.8. The map

i:(xm,N) — (EBD;’%M),o)

kEZ

is a graded C3;-algebra isomorphism.
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Proof. We already proved that the above map is a graded Cf;-algebra morphism.
So, it suffices to prove that each D € Dk_k(M ) is the insertion of a multivector field.
Note that, if f € C3%, then [D, f] € D% (M) = {0}. Thus, for any a € QF,,
0=[D, fl(a) = D(fa) — fD(«), proving that D‘Qif (Qk L — O is O%9-linear. So,
D‘Qﬁ, € (Qk,)*. Therefore, there exists a unique B € x%, such that D(a) = (a, B)

Va € QF,. Taking A = (~1)""7 "B, we get D(a) = (a, B) = isa, Ya € Qk,. This

shows that D and i4 are differential operators of degree —k and order k£ coinciding
in Qﬁ“w By Lemma [2.3.7], they coincide on 2/, as desired. =

Remark 2.3.9. Along this work the insertion of multivector fields is defined to have
an algebra isomorphism: ix a..ax, = ix, ©...0ix,. However, it is pretty common
to find the following definition (see, for example, [7, p. 30] [16, p. 254] o [32, p.
91): ixin. axw =w(X1,...,Xp) Vw € Q’fw (note the difference of the symbols i and
). Both operators are related by the formula

[Al(A[=1)
2 14.

ia=(-1)
The definition presented in this chapter coincides with the given in [1], p. 266].
We prefer to work with it because of its algebraic properties and its relation to the
Schouten - Nijenhuis bracket.

2.4 The Schouten - Nijenhuis bracket

In this part, the notion of Lie derivative along vector fields is extended to multivector
fields, by means of the Cartan’s formula. This notion, and Proposition [2.3.8] will
be used to define the Schouten - Nijenhuis bracket.

Let M be a differential manifold. Recall that the Lie derivative of a tensor field
7 € T (M) along a vector field X is defined in terms of its flow F1 by

(Flfx)*T.
t=0

LxT:= 7

It turns out that Lx7 € T (M). Moreover, for X; € X3; and «; € Q};,
LxT(X1,..., Xs;a1,...,0p) = Lx(7(X1,..., Xs;00,...,04))
—ZT(Xl,...,L’XXi,...,Xs;al,...,a,«)
—ZT(Xl,...,XS;Ozl,...,ﬁXOtj,...,O[T).
In case of functions, vector fields and 1-forms, this is
Lxf=X(f), LxY=[XY], (Lxa)(Y)=X(aY))—-alX,Y].

For differential forms, we get the formula (2.4). So, Lx € Der]%QM. Also, for
multivector fields, we have Lx € Der%x M, since

LxA(at,..., o) = Lx(A(a}, ..., aF)) - ZA(al, L Lxat . ab).
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Now, it is presented the notion of Lie derivative along multivector fields as differential
operators in €27, generalizing the Cartan’s formula for vector fields.

Definition 2.4.1. Let A € X?w be a multivector field. The Lie derivative along
A, Lye€ D,;(kfl)(M), is defined by

La:=[ig,d] =iad — (=1)dig.

It is easy to see that [£4,d], due to the Jacobi identity. Now, note that if A € x4,
and B € xb,, then L4 € Di* (M), ip € D;H(M), and [La,ip] € Dy (M).
By Proposition m there exists a unique (k + [ — 1)-vector field whose insertion

coincides with [£4,ip].

Definition 2.4.2. Let A, B € xas be multivector fields. The unique multivector field
[A, B] € xm such that
iia,B = [£a,iB] (2.6)

is called the Schouten - Nijenhuis bracket of A and B.

Because of the Jacobi identity for the graded commutator of differential
operators, the Schouten - Nijenhuis bracket satisfies the following relation, given
in terms of the Lie derivative along multivector fields:

Lia,B = [La, LB]. (2.7)

Alternatively, equation ({2.7]) could have been used as definition of the Schouten
- Nijenhuis bracket, excepting for some low-degree cases.

As an immediate consequence of these definitions, the triple (xas, A,[,]) is a
graded Poisson algebra of degree —1 with the exterior product A and the Schouten
- Nijenhuis bracket [,] for multivector fields. Explicitly, the Schouten - Nijenhuis
bracket satisfies the following properties:

e [A,B] = —(-1)IAI=DUBI=V[B, A] (graded skew-symmetry):;
e [A,[B,C]] = [[A, B],C] + (—1)(AI=DUBI=D[B [A, C]] (graded Jacobi identity);

e [A,BAC]=[A,B]AC + (-1)IA=DIBIB A [A, C) (graded Leibniz rule).

Moreover, because of the Cartan’s formula, the Lie bracket of vector fields
satisfies , showing that the Schouten - Nijenhuis and the Lie brackets coincide
on vector fields. Therefore, we denote by [,] both the Schouten - Nijenhuis and Lie
brackets without ambiguity. In other words, (xas,A,[,]) is the natural algebraic
extension of (¥jr,[,]) to multivector fields. Finally, the Schouten - Nijenhuis
bracket is of local type since differential operators are of local type.

The following are important properties of the Schouten - Nijenhuis bracket.
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Proposition 2.4.3. Let X, X1,..., Xy, Y1,...,Y1 € Xy, B € xm, and f,g € C3;.
The Schouten - Nijenhuis bracket satisfies the following properties:

1. [f, B] = —iay B,
2. |[X,B] = LxB,
3 [XiA.. A Xp, Bl =0 (-1)EDUB=DX AL AL, BA... A X

4 XA AX YA AY = (DRI A XA X A
(X, V] AYIA .Y A

5IXIA L AXRYIA LAY = S S (DX YA XA XA
XpAViA .Y A
6. [, X0 A AXK] =0 (1) Lx, fX1 A X; . A Xy
Proof. In 1 and 2 suppose that |B| = k.
1. Ifwe Q! then
iff,pw = [Ly,iplw = [if,d],iplw = [[uf,d],iplw = —[pay,iBJw
= —,udfiBOJ + (—1)kiBudfw = (—1)kiB(df A w)
= (-1)*igppwB = —iw(iar B) = —ii,, pw.

2. Without lost of generality, assume that B = X1 A ... A Xi. By the Leibniz
rule of the Schouten - Nijenhuis bracket and the exterior product in s,

k k
(X, Bl =) X1 A AXCXIA L AXe=) X1 A ANLxXi AL AXp=LxB.
=1 =1

3. It follows from the Leibniz rule and incise 2.

4. Denote B =Y A ... AY]. Applying incise 3,
k . —_
Xy A AXYIA LAY =Y (DX A LXK A X, AL, B.
i=1
Since Lx, € Derdxar, Lx,B = Y7 (-1 X, V] AYI ALY A YL
Substituting this equation in the previous one, we get the desired result.

5. By the graded symmetry of the exterior product, it is equivalent to incise 4.
6. It follows from the Leibniz rule and the incise 1.

]

Recall that the Lie bracket of vector fields is natural respect to pullbacks and,
in particular, to restrictions. Therefore, it follows from incise 4 of Proposition that
the Schouten - Nijenhuis bracket is also natural.
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Remark 2.4.4. There are various ways to introduce the Schouten - Nijenhuis
bracket.  Basically, there exist two different Schouten - Nijenhuis brackets of
multivector fields in the literature. The one presented here coincides with the used
in [6], [21], [20] and [18] but it differs to the used in [16] or [32]. The Schouten
- Nijenhuis bracket presented in these books satisfies the graded symmetry of degree
zero, Leibniz rule and a third one, similar to the graded Jacobi identity:

[P, Qlsn = (—-1)IPIQI[Q, Plsy,
[Pa Q A R]SN - [Pv Q]SN AR+ (_1)(‘P‘_1)|Q|Q A [P7 R]SNv

Z (—D)IFIUREDP @, R sn]sn = 0.
(P,Q,R)

Also, is characterized by the following property

p
(X1 A...AX,, Blsy = Z(—l)”“Xl A AXiA...ANX,ALx,B.
=1

Comparing this with Proposition incise 3, we deduce the following relation
between this Schouten - Nijenhuis bracket and the one presented in this work:

[P7 Q]SN = (_1)|P|_1[Pa Q]

2.5 Generalized connections in manifolds

In this section, following [13], we present the concept of generalized connection, i.e.,
a tangent bundle endomorphism over the identity which is a projection of constant
rank. Also, we introduce the concept of bigraded manifold, which is a manifold
equipped with generalized connection. A generalized connection is equivalent to a
splitting of the tangent bundle by two distributions. The notions of curvature and
co-curvature are presented, which are a measure of the integrability of the splitting
distributions.

Generalized connections and bigrading. Let M be a differential manifold. A
generalized connection in M is a vector valued 1-form € Q'(M; T M) such that
the corresponding vector bundle endomorphism v : TM — TM satisfies 72 = 7.
If v has constant rank, then V := Im(y) is a regular distribution, called vertical
distribution. Also, its kernel H := ker(7) is a regular distribution satisfying

TM=H&V, (2.8)

called horizontal distribution. Equivalently, each splitting of the form ({2.8))
induces a connection v in M, defined as the projection on the vertical subbundle:

v = pry.

Remark 2.5.1. For the rest of this work, the term generalized connection will only
refer to a generalized connection of constant rank.
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A vector field X tangent to H, X € T'H, is called horizontal vector field. A
vector field Y tangent to V, X € I'V, is called vertical vector field. Note that a
connection in M induces the splitting X,y = TH®T'V for vector fields. We also have
a splitting in the cotangent bundle T7*M = V° @ H, where V is the annihilator of
V and HY is the annihilator of H. Moreover, we have the following splittings,

/k\T*M: P (;\VOA;\HO), ok = P o,

p+q=Fk p+g=Fk

where QFf =T (AP VO A AYHP) is identified with the C{3-module of (p + g)-linear
applications « : Xp7 % - - - x Xpr — Cf9 such that, w(Xy,..., X, Y1,...,Ys) =0 for
all r,s € Z with r # p, X; € I'H, Y; € I'V. In the same fashion, we have

k p q
A= @ (AsrAv). - @ w
p+q=k p+q=k

with x4/ =T (APHA A?V). Therefore, a connection + in M induces the following
bigrading of the tensor algebras Q3; and xas:

Qu= B xu=EP A (2.9)
DP,qEL p,qEZ

Those are bigraded algebras with their respective exterior products, and the
homogeneous elements in Q77 and x4/ are called differential forms and multivector
fields of bidegree (p, q). Each a € Q% has a decomposition of the form

a= > (2.10)

pta=k

where o, € QFF. The right-hand side in equation is called bigraded
decomposition of «. Similarly, multivector fields have a bigraded decomposition.
Furthermore, Since M is finite dimensional, the sums in are finite. So, there is
a bigrading for their graded endomorphisms, derivations, and differential operators

EHd]’ngM = @ EndﬁinM, EndﬁQM = @ End%qQM,

p+qEZ p+qEZ
Derkxar = @ DerR?xr, DerkQy, = @ Der?Qar,
p+qEZ p+qEZ
Dy(M)= @ Dr(M)
p+qEZ

This motivates the following definition.

Definition 2.5.2. A bigraded manifold is a pair (M,~), where M is a differential
manifold and v : TM — T M is a generalized connection in M of constant rank.
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Example 2.5.3. Let (M,~) be a bigraded manifold. Recall that every vector-valued
form induces an algebraic derivation given by its insertion. Fiz a € QN
Xi,...,Xp eT'H and Y1,...Y, € I'V. Note that

La(Xy,. .. Xy, Y1, Yy) =

q
a(X1, X X, Y1, Y)Y X, X Ve YY) =
1 =1

M-

)

M-

Oé(Xl,...,Xp,Yl,...,Y;',...Y;]) :qoz(Xl,...,Xp,Yl,...YC]),

=1

50 iy = qa, where q is the vertical bidegree of a. Similarly, iq,,,—0 = po, where
p s the horizontal bidegree of a.

Define the following vector valued 2-forms R, R’ € Q*(M; TM) by

R(X,Y) = [(Idrar — 7)X, (Idras —7)Y], (2.11)
R(X,Y) = (Idrar — 7)r(X), ()], (2.12)

where R is called the curvature and R’ the co-curvature of v. Note that V is
involutive if and only if R’ = 0; also, H is involutive if and only if R = 0. A
connection « in M, is related to its curvature and its co-curvature by [v,y]rny =
2R + 2R, where [,|py denotes the Frolicher - Nijenhuis bracket for vector valued
forms (see formula (2.5)). Also, the Bianchi identities

[’y,R—i—R/]FN =0, [R,’)/]FN = iRR/—l-iR/R (2.13)
are satisfied (see also equation (3.22))).

Remark 2.5.4. A generalized connection v in M induces a splitting on the space
of tensor fields in bigraded components. In particular, it is easy to verify that R €
O29(M,V) and R' € Q%2(M,H). Hence, the bigraded decomposition of [y,¥|rn is

[V, YlFn = 2R+ 2R'.

A generalized connection 7 is called flat if [y, y]pny = 0. By a bidegree argument,
this is equivalent to R = 0 and R’ = 0. In this case, the horizontal and vertical
distributions are both integrable, due to Frobenius Theorem. The resulting foliations
JF1 and Fo are called a co-foliation, which is T, & TF, =TM.

Remark 2.5.5. Note that if v is a connection in M, then Idpys — v is also a
connection in M. Furthermore, Im(Idra —) = ker(7), Im(vy) = ker(Idpar —7).
So, the wvertical distribution of v and the horizontal distribution of (Idpy — )
coincide, an conversely. Thus, Ry = Ry, . and R\ = Riqy,—-
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The exterior differential in bigraded manifolds. Let v be a connection in the
differential manifold M. This induces a bigrading in Qs by

Oy = @ szl]7
P.qEL
where QfF = T' (AP VO A AYH?). With this bigrading, Q2 becomes a bigraded
algebra with the exterior product, i.e, Q%4 A Q7F C QFF™97° On the other hand,

every graded operator has a bigraded decomposition. We now show that the exterior
differential d € Der]ﬁQ M, has a bigraded decomposition of the form

d=dio+do1+do—1+d_1p2, (2.14)

regardless of the connection 7. Moreover, the bigraded components in (2.14]) are
graded derivations. Their Frolicher - Nijenhuis decompositions depend on v, its
curvature R € Q?(M;TM) and its co-curvature R’ € Q?(M;TM).

Theorem 2.5.6. Let (M,v) be a bigraded manifold, R the curvature and R’ the
co-curvature of v. The bigraded components of the exterior differential are graded
derivations whose Frolicher - Nijenhuis decompositions are given by

dio = Lidgppy—y + 2ir —ir, dog =Ly —irp+2ip, dp-1=—ip, d-12=—ig.

Proof. Letd =}, =1 d; j be the bigraded decomposition of the exterior differential.
First, note that if j < —2, then d; ; = 0. Indeed, if a € QOF  with & < 1, then
d; ja = 0 because of its negative vertical bidegree. Since d; ; is a graded derivation,
this implies that d; ; = 0. Similarly, if 7 < —2, then d; ; = 0. Therefore, the only
non-zero bigraded components of d are di o, do,1, d2,—1, d—12. To find their Frolicher
- Nijenhuis decompositions, we begin by proving ds 1 = —ir. Observe that, if
f € C3f, then do 1 f = 0, since its vertical bidegree is negative. Hence, da 1 is
an algebraic derivation. Now, fix a € Q}\;[O and p € Q?\}[l. Note that do _1a = 0
because of its bidegree, and —igraw = 0 since R values on I'V. On the other hand,
do,_1p € 020, Evaluating in horizontal vector fields X,Y € I'H, we get

do1p(X,Y) = X (u(Y)) = ¥ (u(X)) — ulX, Y] = —u[X, Y],
~iRi(X,Y) = —u(R(X,Y)) = —p(1[X,Y]) = —u[X, Y).

So, —ir and da —1 coincide on 1-forms, Thus, do _; = —ig. The proofof d_1 2 = —ips
is completely analogous. Now, it follows from Example m that, for any o € Q87,

Lo =i da — diya =i, (dipa+doja+da 1o+ d_qp0) — gda
=(gd1oa+ (¢ + Ddora+ (¢ — 1)da—1a + (g + 2)d_1 200)
—q(dipa +dora+dy ja+d_j2a) =dpr1a —da 1o+ 2d_1 2
=dp,1a +ipa — 2iga.

This proves that do1 = £, — ir + 2ip/. Finally, it follows from Example that
dip=d~—do1 —dg—1 —d_12 = Lidpy— + 2ir —ir,

completing the proof. m
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Corollary 2.5.7. Let (M,~) be a bigraded manifold. If the vertical distribution V
is involutive, then the bigraded components of the exterior differential satisfy

. . . )
do12=0, dio=Lugy—~ +2ir, do1=Ly—ir, dz-1=—ir, dig=Lg.

In particular, H is also an involutive distribution if and only if d1 o is a coboundary.

Proof. Recall that V is involutive if and only if R’ = 0. By Theorem it remains
to prove that d%,o = Lp. Since d = dy 9 +do,1 +d2—1 and d? =0, it follows, from
the bigraded equation (|1.11)), that

df g = —(dodz—1 + doda,—1) = —[do,1,d2,—1] = —[d,d2,—1] = [d,ig] = L.

Thus, d%,o = 0 if and only if R = 0, which is equivalent to the involutivity of H. m

Some of the results of Corollary can be found, for example, in [30].

2.6 Ehresmann connections in fiber bundles

A fiber bundle is a triple (E, 7, B), where 7 : E — B is a surjective submersion
between differential manifolds £ and B. The manifold E is called the total space,
B is the base space and 7 is called projection. It is well-known that every fibred
manifold has an intrinsic involutive distribution. Indeed, note that the diagram

TE ——~ TB
TE B
E B

™

commutes. So, m, : TE — TB is a vector bundle morphism over the surjective
submersion 7. Thus, the kernel distribution V, V, := ker(m,), is a subbundle
of TE of codimension dim B, which is called vertical subbundle or vertical
distribution.

On the other hand, each fiber E, := 7 !(b) is a regular submanifold of E,
of codimension dim B. The fibers define a foliation F in F, by F = {E;«4)bees;
which is called characteristic foliation of F. It is clear that V = TF, where
TpF = TpEr(p), le., the vertical distribution at each point identifies with the
tangent subspace to the fiber passing at the point. Thus, V is involutive.

The involutivity of the vertical subbundle implies that the space of wvertical
vector fields Xy(FE) := I'V is a Lie subalgebra of vector fields. Moreover, the exterior
algebra of wvertical multivector fields xv(E) := I' AV is a Poisson R-subalgebra
of multivector fields (xar, A, [,]) with the Schouten - Nijenhuis bracket. Also,
the algebra of horizontal differential forms, Qyo(E) := T' A VY, where VO C T*M
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denotes de annihilator of V, is an exterior subalgebra of the Cartan’s algebra
(Qar, A), but it fails to be a sub-complex of the de Rham complex (2,7, d).

Projectability properties. Involutive distributions and the fiber bundle
case. It is useful to review the concept of projectable functions, projectable vector
fields and projectable differential forms respect to a regular involutive distribution.

Definition 2.6.1. Let M be a differential manifold, D C TM a reqular and
involutive distribution in M and D° C T*M the annihilator subbundle.

e A smooth function f € C5% is called projectable if df € T DC.
o A wector field X € Xy is said to be projectable if [X,I'D] C T'D.

The R-vector spaces of projectable functions and vector fields are respectively denoted

by Cox (M, D) and Xy, (M, D).

Equivalently, f € CY(M, D) if and only if Ly f = 0, VY € I'D. Furthermore,
projectable functions and vector fields satisfy the following properties:

1. X € Xx(M, D) if and only if [ X, xp(M)] C xp(M),
2. feCxr(M,D) if and only if [f, xp(M)] = 0,

w

Cpe (M, D) is a sub-ring of CR7,

e

Xpr(M, D) is a C3P (M, D)-submodule of Xy,
5. Xpr(M, D) is a Lie R-subalgebra of (X, [,]),
6. (I'D,[,]) is a Lie C52 (M, D)-algebra with the usual Lie bracket for vector fields,

7. (xp(M),A,[,]) is a Poisson C5P (M, D)-algebra of degree —1 with the Schouten
- Nijenhuis bracket.

The proof of 1, 2 and 4 follows from the Leibniz rule of the Schouten - Nijenhuis
bracket of multivector fields; the proof of 3 follows from d(fg) = gdf + fdg;
properties 5 and 6 follow from the Jacobi identity of the Lie bracket; and property 7
follow from the Leibniz rule and Jacobi identity of the Schouten - Nijenhuis bracket.
Also, vector fields are locally generated by projectable vector fields.

Definition 2.6.2. A differential k-form o € Q’]‘{/[ is projectable if

iya =0, (2.15)

iyda =0, (2.16)

for any vector field Y € I'D. The space of projectable differential k-forms is denoted
by Q’;r(M, D). The graded vector space of projectable differential forms is defined by

O, (M, D) := @ 9, (M, D).
keZ
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It is clear by equation ([2.15)) that Q’gr(M ,D) C Ok, (M). Moreover, ([2.15), (2-16)

are equivalent to iya = 0 and Ly« = 0. Projectable differential forms satisfy:
1. Q5. (M, D) is a graded exterior subalgebra of (Qpo (M), A).
2. Q3.(M, D) is a cochain sub-complex of (a7, d).
3. a € QF (M) is projectable if and only if, for any X; € X,.(M, D),
a(X1,...,Xy) € CX(M, D).

0 — (Y0
4. Q9,(M, D) = C2(M, D).
5. Q3.(M, D) is a Cp2 (M, D)-submodule of Q.

First property follows from the fact that, for any Y € I'D, iy and Ly are graded
derivations of the exterior product. Second property is immediate. Third property
follows from equation . The last two properties follows from the previous ones.
Moreover, projectable differential forms locally generate horizontal differential forms.

Remark 2.6.3. When the choice of the involutive distribution D in M is clear,
we simplify the notation referring to projectable structures. We respectively denote
Cor (M), X (M) and Qp (M) the sets of projectable functions, vector fields and
projectable differential forms.

Now, we review more properties of projectable structures when those are defined
on a fiber bundle, and the involutive distribution is the vertical distribution.

Let (E, 7, B) be a fiber bundle, and V its vertical subbundle. It can be shown,
for instance, that a smooth function f € Cg is projectable if and only if there
exists g € CF such that f = go, ie., CP(F) = 7*Cy. In this case, we denote by
7. f the unique g € CF satisfying f = gom. It is clear that 7. : C;P(F) — CF is
a ring isomorphism. Also, X € Xg is projectable if and only if it is 7-related to a
vector field v € Xpg, i.e., myo X =uom.

We will see that projectable differential forms Q. (F) actually project to
differential forms in the base space. Before that, we need to review the concepts of
Ehresmann connection and horizontal lift.

Ehresmann connections. An Ehresmann connection in a fiber bundle is a
generalized connection such that its vertical distribution is the vertical subbundle
V = ker(m). Equivalently, it is a choice of a complementary distribution to the
vertical subbundle.

Definition 2.6.4. An Ehresmann connection in the fiber bundle (E,m, B) is
a generalized connection v in E such that its vertical distribution coincides with
the wvertical subbundle of (E,m, B). In other words, is a vector bundle morphism
v : TM — TM satisfying v* = v and Im(vy) = V, where V = ker(n.). Equivalently,
an Ehresmann connection is a distribution H complementary to V: TE =H® V.
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By means of an Ehresmann connection one can define the horizontal lift of
vector fields in the base space to the total space. In particular, this allows us to
project horizontal projectable differential forms. Since V = ker(mw,), the restriction
T«lm : H — TB is a vector bundle isomorphism over w. This induces an
injective morphism of modules on their sections, hor” : (Xp, CF’) — (I'H, C5R(E)),
called the horizontal lift of vector fields. For each v € Xpg the vector field
hor”(u) € TH C Xpg is said to be the horizontal lift of u € Xp. Point-wisely, it
is given by

hor” (w)y = (i)~ (ttx(p))-

Note that hor”(u) and u are m-related. Moreover, hor”(u) is the only horizontal
vector field m-related to u. Therefore, any horizontal projectable vector field is the
horizontal lift of some vector field in the base space: hor”(Xp) = X, (E)NI'H. Since
hor” : Xp — T'H is a morphism of modules, we have

hor” (gu) = (g o m)hor” (u). (2.17)

Remark 2.6.5. Let D and D be distributions in M, such that D is involutive and
TM =D ® D. The R-vector space of projectable vector fields tangent to D is

%XP(M,D):={X eTD |[X,I'D] c D} = %(M,D)NTD.

When the choice of the distribution D is clear, we simply denote it by %D(M).

Recall that Qp (F) and Qp are modules over C3Y(E) and CF, respectively, and
me ¢ C5f(E) — CF is a ring morphism. For an Ehresmann connection -, define
Q8 (E) — Qf by

(mla)(u1, ..., ug) := me(a(horuy, ... horTuy)).
First, observe that m/a is well-defined, in virtue of Property 3 of projectable

differential forms in page On the other hand, since « is skew-symmetric, 7,

is also skew-symmetric. Finally, the C%-linearity of 7/« follows from equation
(2-17), the Cpr (B)-linearity of o, and the fact that m. : CfR(E) — CF is a ring
morphism. Furthermore, the projection 7 : Q5. (E) — Q% is a canonical exterior
algebra isomorphism, i.e., it is bijective and it does not depend on the choice of
the Ehresmann connection v used to define it. This isomorphism can be naturally
extended by tensor product to

ﬂ'z : Q;r(E) ®C§?(E) A— Q.B ®C’}’3° Aa

where A is any Cg-module. In particular, it can be extended to horizontal
differential forms Qyo(E) := T AV ~ Q. (E) ® CF by

7l : T \ V) — Q} @cx CF,
and to vertical-valued horizontal forms K € QFO(E;V) by

7y K(u,...,u) = K(hor"uy, ..., hor"u) € T'V.
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Using the above discussion, we are in position to present the standard interpretation
of curvature in the context an Ehresmann connections on fiber bundles. Recall that
the curvature of a generalized connection is defined as the vertical component of
the Lie bracket of the horizontal components of vector fields (see (2.11])). If 7 is an
Ehresmann connection in the fiber bundle (E, 7w, B), then its curvature R defines
a vertical-valued horizontal 2-form, R € Q?(E;V), which can be considered as an
element of Q2 (E) ®cge(p) I'V. Now, fix u,v € Xp. Since hor’u is m-related to u,
and hor”v is m-related to v, their Lie brackets are also m-related: [hor?w,hor?v] is
m-related to [u,v]. On the other hand, hor”[u,v] is m-related to [u,v]. Therefore,
[hor”u, hor"v] — hor” [u, v] € T'ker(m,) = T'V, and

[hor”u, hor”v] — hor”[u, v] = R(hor”u, hor”v).

Definition 2.6.6. The curvature of an Ehresmann connection v, Curv’ €
QQB ®Qcse I'V, is defined by

Curv?(u,v) := R(hor”u, hor"v) = [hor"u, hor”v] — hor”[u, v].

Remark 2.6.7. One can derive the transition rules under varying the Ehresmann
connection of the horizontal lift and the curvature. Let v and 4 be two Ehresmann
connections in (E,m, B) and define © € QY(E;V) by © := v — 7. It is clear that
Im(0) C V C ker(0). So, ©% = 0. Moreover, it can be shown that
hor” (u) — hor” (u) = —O(hor? (u)) = —O(hor” (u)),
R=R+([0,%]pn + 3[0,0]rn.

This implies that 7} () = hor” — hor?.



Chapter 3

Bigrading of the Lichnerowicz - Poisson
Operator

In this chapter we present the concept of coupling Poisson structure in foliated
manifolds. The main goal is, given a coupling Poisson structure in a fiber bundle, to
define a cochain complex isomorphism between its Lichnerowicz - Poisson complex
and a bigraded cochain complex defined by its associated geometric data.

We begin with a review of some basics in Poisson manifolds, specially the notions
of Hamiltonian vector field, infinitesimal Poisson automorphism, Casimir function,
Lichnerowicz - Poisson complex and low - dimensional cohomology groups. Then,
we present the concept of coupling Poisson structure, its relation to geometric
data, and the factorization of the Jacobi identity into four integrability equations.
Finally, we show that integrable geometric data in fiber bundles define a bigraded
cochain complex. Furthermore, if the geometric data correspond to a coupling
Poisson structure, then the induced bigraded cochain complex is isomorphic to the
Lichnerowicz Poisson complex. This main result is presented and proved in Theorem
For various presentations of this result, see also [12] [111 6] 18].

3.1 Preliminary on Poisson manifolds

A Poisson manifold is a pair (M,{,}), where M is a differential manifold and
{,}:C% x C3 — Cfy is an R-bilinear skew-symmetric operation, called Poisson
bracket, satisfying the Jacobi identity

{fAg,n}} = {{f. g}, h} +{9.{f. h}} (3.1)
and the Leibniz rule
{f,g-h}y=A{f9t -h+g-{f h} (3.2)
Leibniz rule means that the Poisson bracket is a bi-derivation of C7. So, there
exists a bivector field IT € %, defined by II(df,dg) := {f, g}. Note that

U 49 h}} = (£, 91,3} + Lo (1,1} } — 5[ TII(AF, dg, dh),

where [,] : xar X xar — X is the Schouten - Nijenhuis bracket (see Definition
2.4.2). Therefore, a Poisson bracket {,} in M is equivalent to have a bivector field
IT satisfying

[IT,T1) = 0. (3.3)

43
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Such a bivector field II is said to be a Poisson structure or a Poisson bivector
field in M. The Poisson manifold is also denoted by (M, II).

Symplectic foliations on Poisson manifolds. For any bivector field II € x3,,
there is an induced vector bundle morphism II* : T*M — T'M defined by

(B,1E(a)) :=Tp(c, B) Y, B €Ty M,p € M. (3.4)

Furthermore, the map #iy : TAT*M — T’ ANTM given by (fnw)(al,...,oF) =
w(ITfal, ... TI*a*) is an exterior algebra morphism. Note that IT*(7*M) is a
distribution in M, whose dimension at each point H;E,(T; M), p € M, may vary.
In the case in which II is a Poisson structure, one can associate to each f € C}} a
vector field

Xf = Hﬁ(df) = ide = _[faH] = _[H7f]

called the Hamiltonian vector field of f. The R-vector space of Hamiltonian
vector fields is denoted by Ham(M,II), and it turns out to be a Lie R-subalgebra
of \%M since [Xf,Xg] = X{f’g}.

Note that Hamiltonian vector fields generate the distribution DY := TIf(T* M),
which is called characteristic distribution. It is well-known that DY is, in
general, integrable in the sense of Stefan - Sussmann [28| 27]. Furthermore, it
can be shown that, for an arbitrary bivector field II, the distribution IT*(T*M) is
integrable if and only if II is a Poisson structure.

Therefore, a Poisson structure II in M induces a (singular) foliation S given
by TS := D'Y. Moreover, the Poisson structure can be restricted at each leaf S,
determining a non-degenerate Poisson structure at S. In consequence, each leaf S
is endowed with a symplectic structure wg given by wg(X¢|s, X4|s) = II(df,dg)|s,
defining a leafwise symplectic structure w. The pair (S,w) is called symplectic
foliation. The leaves of S are called symplectic leaves, which are generated by
flows of Hamiltonian vector fields.

A point x € M in the Poisson manifold (M,II) is called regular if rankII is
locally constant at x; in other case, x is said to be singular. A symplectic leaf
S € S is called regular if every x € S is a regular point. Otherwise, S is called
singular. A Poisson manifold (M,II) is called regular if every x € M is regular;
otherwise, (M,II) is called singular.

Let (M,{,}) be an m-dimensional Poisson manifold. It is well-known [35] that,
for each x € M of rank 2s and a (m — 2s)-dimensional submanifold N of M, with
x € N, there exists a local system of coordinates (pi, ..., Ds,q1,- - Gsy 215+ -« y Zm—2s)
around x such that the Poisson bracket has the normal form

0f 99 ~~0f 09 9 g
ol 99 |y
i=1

0z; 0z; 9pi 0q;  Oq; Op;’

m—2s

{fag} = Z {Z’iazj}

3,j=1
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and the following conditions are satisfied:

(a) pi(Nz) = qi(Nz) = 0, where N, is a small neighborhood of = in NV,
(b) {2, 2j}(z) = 0.

Observe that {f,g}n == > i gpfi% — %g—; defines a Poisson structures in N,
called transverse Poisson structure [4]. In other words, (M, II) is locally isomorphic
to the direct product of a symplectic manifold (S, ;_; dp; A dg;) with a Poisson

manifold (N, {, }n), where {, } y vanishes at z.

For a Poisson manifold (M,II), the set of regular points N™9 = {p € M |
p is regular} is an open dense subset of M. Thus, one can restrict the Poisson
structure to N getting the regular Poisson manifold (N7 IIxres). Moreover,
rankII is constant on each connected component of N™Y.

Poisson cohomology. Note that, if a vector field Z is Hamiltonian, then
Lz11=0. (3.5)

In general, a vector field Z satisfying is called infinitesimal Poisson
automorphism or Poisson vector field. The R-vector space of Poisson vector
fields is denoted by Poiss(M,II). A vector field Z is an infinitesimal Poisson
automorphism if and only if its flow Fl, : M — M satisfies (F14)*II = IL
Equivalently, a vector field Z is an infinitesimal automorphism if and only if
Ly € Derr(C53,4{, })-

A function K € Cfy is called Casimir for II if its Hamiltonian vector field is
zero, Xg = 0. The R-algebra of Casimir functions is denoted by Casim(M,II). It
is easy to check that Poisson vector fields preserve the subspace of Casimir functions.

If (M,II) is a Poisson manifold, then there is an operator 6 : yar — xus
defined as the adjoint of the Poisson bivector II respect to the Schouten - Nijenhuis
bracket: 6"(A) := [II, A]. This is called Lichnerowicz - Poisson operator. In
virtue of the Leibniz rule and the Jacobi identity of the Schouten - Nijenhuis bracket,
the Lichnerowicz - Poisson operator is a graded derivation for the exterior product
and the Schouten - Nijenhuis bracket of multivector fields,

o' € Derk (xar, A, [,])- (3.6)

Moreover, 6! is a coboundary operator [I6], because of and the Jacobi identity
for the Schouten - Nijenhuis bracket. Thus, (xas,6") is a cochain complex called the
Lichnerowicz-Poisson complex. The cocycles, coboundaries and cohomology
spaces are denoted by ZfP(M, 1), BEP(M, IT) and ’HIZP(M, IT), respectively.

Because of (3.6)), it turns out that cocycles

27 p(M,10) := @ ZFp(M, 1)
kez
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form a graded Poisson R-subalgebra of (xas, A, [,]). Furthermore, coboundaries

B p(M, 1) := P B} p(M,1I)
keZ

form an ideal of Z},(M,II), for both operations A and [,]. Hence, there is a
well-defined product an bracket in

Hip(M,1II) @HLP M, 1I)
keZ
given by [A] A [B] := [A A B] and [[A], [B]] := [[A, B]], which endow H} (M, 1I)
with a Poisson R-algebra structure of degree —1.

It is also well - known that a Poisson structure II in the manifold M induces a
Lie algebroid structure on the cotangent bundle 7% M. Indeed, for o, 8 € Q]lw, define
{a, Bt = Lo S~ Lipzga—dll(a, B) = inzadf —igzgda+dI(a, 8). It can be shown
that the triple (7*M,II*, {, }11) is a Lie algebroid. Furthermore, its Lie algebroid
differential is precisely the Lichnerowicz - Poisson complex. In other words, for any
Ae xﬁ/[ and ag,...,q € Q}M? we have

k
(6" 4) (ao, - - ., o) :Z(— ) Lzt (o) (Al0vo, - - @iy k)

+Z l+]A {al>aj}n7a07 "ad\i,"'va;w"aak‘)'

1<J
In consequence, the map fir : (Qu,d) — (xar,0") is a cochain complex
morphism: fpde = 6"#ga.  Hence, this induces a cohomology morphism

tr r HE o (M) — HE (M, 1D) by #[a] == [fna]. If IT is a regular Poisson structure,
then the map fif; is a morphism to the tangential Poisson cohomology, which we
present in Chapter [4

On a Poisson manifold (M, II), there is an homology operator on the algebra of
differential forms. This is called the Koszul - Brylinski operator and is given by

Lr:Qy — Qur, Lo = [in,d](a) = ipda + difa.

It is clear by its definition that £y € Dy (M). Furthermore, the Koszul - Brylinski
operator is an homology operator. Indeed, since II is a Poisson structure, 5121 =
%[EH, L] = %ﬁ[n,n] = 0. Also, the Koszul - Brylinski operator is a generator of the
bracket {, }i1 for 1-forms. Indeed, using the language of differential operators, for
any o, 5 € Q}W we have

[[Mon ,CH], ;Lg](ﬂ) :ﬁnﬁ‘a—i—ﬁn(a/\ﬁ)—,Cnoz‘/B:iHuadB—iHuﬁda+dH(Oz, B) :{a, ,B}H

Furthermore, for any a, 8 € Qy, define {, }r1: Qar x Qar — Qas by

o, B3 = [[pas L), p5)(1) = —(—=D)I*1Lr(a A B) + (~1)1*ILna A B+ a A Lup.
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It is clear that {{, }rr extends the bracket of 1-forms {, };1. Moreover, {, } is a
graded Lie bracket in €5, and satisfies the Leibniz rule with the exterior product.
In other words, the triple (Qas, A, {, }1) is the graded Poisson algebra of degree
—1, extending the bracket of 1-forms.

Finally, it is clear that d o L1 + Ly od = [d, £11] = 0. Hence, (Qs,d, Lr1) is a
bi-complex. Furthermore, in some special cases, there exists duality on the Poisson
homology and cohomology groups.

Below, we describe the low-dimensional Poisson cohomology groups.
o If k=0, H'(M,II) = Casim(M, IT).

o If k=1, HI(M,I) = %

o If A € Z2,(M,1I), then [II, A] = 0. So, II + €A is a Poisson structure up to
terms of degree €:

[T+ eA, T+ €Al = 2[A,A] =0 mod €.

Therefore, II + €A is an infinitesimal deformation of the Poisson structure II.
If A € B2 ,(M,1I), there exists X € Xjs such that A = [II, X]. So,

I+ eA =TI + €[lI, X] = (FI ). mod €.

Hence, the second Poisson cohomology ’HQL p(M,II) is the quotient of all
possible infinitesimal deformations of II by the space of trivial deformations.

In general, the computation of the Poisson cohomology groups is a hard problem
138, 39, B2 8], especially in the case of singular Poisson structures [5l 22} 23] 24 25].

3.2 Poisson structures on foliated manifolds

In this part, we present the concept of coupling Poisson structure on foliated
manifolds, and describe the Jacobi identity in terms of its associated geometric
data. This concept naturally arises in the study of a Poisson structure around
closed symplectic leaves [37] and in the context of Poisson vector bundles [36], but
it can also be defined for any regular foliated manifold [33]. We show that, in a
foliated manifold (M, F), coupling Poisson structures Il can be parameterized by
triples (v, 0, P) consisting on a connection v with vertical distribution V = T'F,
a horizontally non-degenerate 2-form o, and bivector field P. Such triples are
called geometric data. The Jacobi identity for II can be expressed in terms of
four integrability equations for (v, o, P), which arise from bigraded calculus in the
manifold.

In the following sections, we prove that the Lichnerowicz - Poisson complex of a
coupling Poisson structure II in a fiber bundle (F, w, B) is isomorphic to a bigraded
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cochain complex intrinsically defined by the fiber bundle and the geometric data
(v, 0, P) associated to II. This allows us to study the first cohomology group of
coupling Poisson structures in fiber bundles, which is done in Chapter

3.2.1 Coupling bivector fields and geometric data

Let (M,F) be a foliated manifold. Because of Frobenius Theorem, there is
a correspondence between regular foliations and involutive distributions, i.e.,
V := TF is an involutive distribution. In this section we present the concepts of
coupling Poisson structure and geometric data on pairs (M,V), with V a regular
and involutive distribution in M.

Recall that, for a regular foliation F (or vertical distribution V), a local vector
field X € Xy is called projectable if its flow Fly takes leaves of F into leaves
of 7. In infinitesimal terms, this is equivalent to [X,T'V] C I'V. The sheaf of
local projectable vector fields is denoted by X,.(M). Some useful properties on
projectable vector fields can be found in Section [2.6] In the following sections, we
will be focused on the case of coupling Poisson structures on fiber bundles. In that
case, the space of projectable vector fields coincides with the horizontal lifts of
vector fields in the base space.

For the rest of this section, M is a differential manifold and V is a regular
involutive distribution on M.

Definition 3.2.1. A bivector field Il € X3, is called a coupling bivector field on
(M, V) if
VeV ="TM, (3.7)

where VO C T*M s the annihilator of V. A coupling Poisson structure II in
(M, V) is a bivector field in M which is both a Poisson structure on M and a coupling
bivector field on (M,V), i.e., equations (3.7) and [IL,II] = 0 are satisfied.

The notion of coupling Poisson structure associated to an involutive distribution
is deeply related to the one of geometric data. Indeed, coupling bivector fields are
parameterized by geometric data, and the Jacobi identity can be described by the
integrability equations for geometric data.

Recall that a generalized connection v in M is a vector bundle morphism = :
TM — TM satisfying 42 = ~. For the rest of this section, we only consider
connections v in (M,V) such that Im(y) = V, i.e., the vertical distribution of ~
coincides with the regular involutive distribution V. In this case, the kernel of v is
also a regular distribution H, called horizontal distribution, satisfying TM = He@ V.
We denote by %gﬂr(M) the space of horizontal projectable vector fields: %gﬂr(M) =
THN X, (M). Also, the curvature 2-form R € Q*(M;V) is given by

R(X,Y) = ~[(Idrpr —7)X, (Idras — 7)Y]
and measures the integrability of H (see Section .
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Definition 3.2.2. A triple (v, 0, P) of geometric data on (M,V) consists on
e a connection v in M with vertical distribution V,
e a horizontal 2-form o: o € T N> VY,
e a vertical bivector field P: P € T A\*V.

Furthermore, the geometric data (v,0, P) are said to be integrable if they satisfy
the following equations:

[P, P] =0, (3.8)
LxP =0, VX eX,(M), (3.9)
R(X,Y)=-PUo(X,Y)], VXY €X (M), (3.10)
do(X,Y,Z) =0, VX,Y,Z € X, (M). (3.11)
Equations (3.8))-(3.11) are called integrability equations of (v, o0, P).

Note that equation simply means that P is a wertical Poisson structure.
In terms of the regular foliation F associated to V, we say that (F, P) is a Poisson
foliation, i.e., P induces a Poisson structure at each leaf of F. Equation means
that 7 is a Poisson connection on (F, P). This is precisely %Igr(M) C Poiss(M, P).

It can be shown that if v is a Poisson connection in (F, P), then the curvature
of projectable vector fields values on vertical Poisson vector fields:

R(X,Y) € Poissy(M,P)  VX,Y € % (M).

Indeed, since I'V C X, (M), it follows that (Idzar — v)Xpe(M) C Xpe(M). Taking
in account that X, (M) is a Lie subalgebra of vector fields, we have

(Idrar — 7)[(drar = VX, (Idras —7)Y] € X (M) VXY € Xpe(M).
Since 7 is a Poisson connection, this implies that the vector fields

(Idrar — ) [(Idrar — )X, (Idrar — 7)Y, [(Idrar — )X, (Idra — 7)Y,

are infinitesimal automorphisms. Their difference is precisely R(X,Y’), which is
clearly a vertical infinitesimal automorphism: R(X,Y") € Poissy(M, P).

Thus, the vector fields R(X,Y), with X,Y € X.(M), are a special family of
vertical Poisson vector fields for P. In this sense, equation means that those
are Hamiltonians for P, and the vector field R(X,Y) has —o(X,Y’) as Hamiltonian.
Finally, equation means that o is covariantly constant. This is clarified in
Proposition [3.3.3] where we present an equation in terms of the covariant exterior
differential, equivalent integrability equation for o.

Now, we present a generalization of the integrability equations (3.9) and (3.10]).
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Lemma 3.2.3. Let v be a Poisson connection for (F,P), i.e., equation (3.9)) is
satisfied. Then (LzP)o2 =0 for any Z € T'H.

Proof. Since horizontal vector fields are locally generated by horizontal projectable
vector fields, it is suffices to prove that the identity holds for Z = fX, with f € C%y,
and X € %yr(M). Note that Lz P = [fX, P] = f[X, P] +iqsP A X. From equation
, we have [X, P] = 0. So, LzP =igfPAX € X}\’;- In particular, the component
of LzP of bidegree (0,2) is zero: (LzP)p2=0. =m

Lemma 3.2.4. Let (v, 0, P) be geometric data in (M,V) satisfying equation (3.10]).
If X € X,,(M) and Z € TH, then

Pid[0(Z, X))+ P*Ly(0"X) + R(Z,X) = 0.

Proof. 1t is enough to prove this result for Z = fY, with f € C{y and ¥ € %gﬂr (M).
First, note that, for any o € TV? and W € T'V,

Lya(W) = Ly(a(W)) = alY, W],

Since Y is projectable, then [Y, W] is vertical. Therefore, both summands in the
right-hand side are zero, due to the horizontality of a. Ths proves that Ly «a(W) =0
for all W € T'V. Hence, it follows that P*Lya =0, dueto P € T’ /\2 V. In particular,
taking o = 0” X, we have

PiLy(c’X) = 0. (3.12)

On the other hand,
L7(0"X) = Liy(0"X) = fLy (0" X) + (iya’ X)df = fLy (0" X) + o(X,Y)d],

which implies P*Lz(0"X) = fP!Ly(0"X) + P*o(X,Y)df]. Because of equation

, we get
P'L(0"X) = P¥o(X,Y)df]. (3.13)

Since the exterior differential d is a graded derivation, it follows that
d[0(Z, X)] = d[fo(V. X)] = o(¥, X)df + fd [o(Y; X)]. (3.14)

Using equations (3.14)), (3.10)), and (3.13]), we get

Pid[o(Z, X)) = Po(Y, X)df] + fP*d (o(Y, X))
= —P!o(X,Y)df] — fR(Y, X)
= —P'Lz(0"X) — R(fY, X)
= —P'Ly(0°X) — R(Z,X).
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3.2.2 Jacobi identity and integrability equations

Let V be an involutive distribution in the differential manifold M. Among the triples
of geometric data (v, o, P) in (M, V), some of the most important are those for which
o satisfy that the map o” : TM — VO, defined by o”(X) := ixo, is surjective.

Definition 3.2.5. A horizontal 2-form o € 1“/\2 VO is said to be horizontally
non-degenerate if the vector bundle morphism o” : TM — VO is surjective.

If ¢ is a horizontally non-degenerate 2-form, then for each horizontal distribution
H, the restriction ob\H : H — V0 is an isomorphism. In this case, the geometric data
(7,0, P) defines a unique coupling bivector field IT in M. Furthermore, according to
136, [33], B7], we have the following result.

Theorem 3.2.6. Let'V be a reqular involutive distribution on M. There is a natural
correspondence between coupling Poisson structures I1 and integrable geometric data
(v,0,P) in (M,V) such that o is horizontally non-degenerate.

For completeness, we prove this theorem, based on the following facts.

Lemma 3.2.7. There is a correspondence between coupling bivector fields I and
geometric data (y,0,P) in (M,V) such that o is horizontally non-degenerate.

Proof. If 1I is a coupling Poisson structure, then TM = TI*(V%) @ V. Define
v :TM — TM by v := pry, i.e., the projection over V along the previous
decomposition. It is clear that v is a connection in M, which induces a bigrading in
M. The bigraded decomposition of I is IT = II5 g+1Ip 2 (there is no (1,1)-component:
I;; = 0). The horizontal distribution of v is H = II*(V?) = Hgo(VO). So,
Hﬁzo : V¥ — H is a vector bundle isomorphism. Define the vector bundle morphism
o’ : TM — T*M by o’|y := 0 and by ¢’ |y = —(Hﬂ270|V0)_1. It is clear that o” is
skew-symmetric. Thus, o(X,Y) := o”(X)(Y) defines a section of A*V?. Finally,
because of bidegrees, P := Ily 2 is a vertical bivector field and (v, o, P) is a triple
of geometric such that o is horizontally non-degenerate. Conversely, if (v, o, P) are
geometric data such that o is horizontally non-degenerate, then ab]H cH — VO
is an isomorphism, where H is the horizontal distribution of . Now, define
I : T*M — TM by 1T} |50 = 0 and IT§ |0 := —(¢”[ig) ~'. Finally, if ITg 2 := P,
then IT := Tly o + Ig 2 is a coupling bivector field, since TT#(V?) = Hg’O(VO) =H. =

As it follows from the proof of Lemma [3.2.7] a coupling bivector field II in
(M,V) defines intrinsically the horizontal distribution H := TI*(V?). This induces
a bigrading in M and a splitting of II of the form II = Ilp + Ilp2. In terms of
the bigraded decomposition, the characteristic distribution of II at each z € M
reads DI = TIH(T* M) = TIF(VY) @ TT*(HY) = H, @ Iy 2(HY). Since Iy is regular,
the singular points of II and Ilpo coincide. Also, notice that H = HQ’O(T*M).
Therefore, Il o is a Poisson structure if and only if H is integrable.
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On the other hand, by Theorem and the involutivity of V, the bigraded
decomposition of the exterior differential has the form d = di g + dp1 + d2,—1, with
Frolicher - Nijenhuis decompositions di g = Lidy,,— + 2ir, dog = £y —ig, d2,-1 =
—ig. Finally, the following identity is needed, and we can find a proof of it in [33]:

[H7 \II] (Oé, Bv 0) = ﬁme‘lj(a, 6) - dH(Hﬁa, \I]ﬁﬁ) + [’\I/ﬁQH(av 6) - d9(\Ilﬂa, Hﬁﬁ)’ (315)

with «, 3, 6 being arbitrary 1-forms and II, ¥ arbitrary bivector fields.

By using the above bigrading decomposition, the condition for a coupling
bivector field II to be a Poisson structure is formulated as follows:

Lemma 3.2.8. Let V be an involutive distribution in M. A coupling bivector field
IT in (M, V) is a Poisson structure if and only if the following identities hold for any
a,B,0 eTVO, X\ neTH:

1. Ily 2 @s a Poisson structure,

2. ﬁng 09H072()\’n) = 0,
3. d2 _1)\( 20(1 H2 05) Hﬁ 2)\1_[2,0(0[75);

4. dy00(I1 2004 H2 05) Hu 09H2,0(06a/3)-

Proof. Due to the splitting IT = IIy + I 2, the Jacobi identity [ILII] = 0 is
equivalent to the following bigraded equations:

(i) o2, o]0, =0,
(i) [z,0,Mo2]1,2 =0,
)
v)

(iii) [Mg,II30]2,1 + 2[20, Iy 2]21 = 0, and

(iv) [H2,,1I2]30 = 0.

We prove that (iii) is equivalent to identity 3 of Lemma[3.2.8] By formula (3.15)),
12,0, T2 0]2,1 (v, B, A) = 2[£Hn Iz,0(cx, B) — dA(II5 o, 1T o 3)]
= —2d\(ITf g, I 1 B) = —2da, 1 A(IT§ 4, TT5 4 8),
2[Ilz0, Ho2)2,1 (v, B, A) = 2(L g o2 (e B) — dA(IT ya, IT . B) + £Hg72AH2,0(aa B) — dA(IT) ya, 1T ,3))
= 2£Hg’2)\H270(a, B).
Combining these equations, we get

(a0, M2 0]2,1 + 2[TI2 0, Mo 2]) (v, B, A) = 2£Hg’2,\H2,0(04, B) — 2ds, 1 A(IT} 0% T} 0B

proving the desired equivalence. The other equivalences are proved similarly. =
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Now we are ready to prove Theorem [3.2.6

Proof of Theorem . Let IT be a coupling bivector field in (M, V), and (v, o, P)
its associated geometric data, in the sense of Lemma We now shown that
each of the four integrability equations (3.8))-(3.11) for (v,0, P) are equivalent to

the identities 1, 2, 3, 4 in Lemma for II, respectively. Recall that Hﬁ270|vo and
—ab\H are isomorphisms inverse of each other and Iy = P,

e Equivalence of (3.8]) and identity 1 in Lemma is clear, since P = Il .

o Fix X € %]gr(M ). Since P is vertical, it follows that Lx P is vertical. So, it
is enough to evaluate it on vertical 1-forms A, u. On the other hand, HﬁQ’O :
I'vo —TH is a Cg-module isomorphism. Hence, there exists 6 € I'V? such
that X = Hg’OQ. Substituting, it follows that LxP(\, u) = EH2709H0’2()"77)‘

Hence, if £; ,ITo2(A,n) = 0 for each A, € Q) and § € I'V?, then Ly P =0
2,0

for all X € %Igr(M ). This proves that identity 2 of Lemma implies
equation (3.9). Conversely, if equation (3.9) is satisfied, then L;s 1o 2(A,7) =
2,0

0,\,n€ Q?M’l and § € T'VY, due to Lemma (3.2.3). This proves the converse.

o Let X,Y € %Elr be projectable vector fields and a, 3 € I'VY such that Hﬁzoa =
X, Hgoﬁ =Y. Note that for any \ € Qo’l,
“MR(X,Y)) = do, AT g0, T ),
since d2 _1 = —ig. On the other hand,

APH[o (X, Y)]) =M ,d[o(X, Y)]) = ~Tlo2(d[o(X, V)], A) — 2L, (0(X,Y))

I, \

=~ Tl (do(X.Y)[.A) + Ly (a(Y)) — afIT§ 50, Y]
= Ly 2 (BX)) + BT 5, X]

= = Mo (Al 0(e, )], A) + Ly (V) = Lygg [\ BX)

:[’Hgyz)\(HZO(av B)) — H2,0(£Hg’2,\067 B) — ap(a, Engyzxﬁ)

Zﬁng’z)\ﬂzo(@, B).

Now, assuming that identity 3 of Lemma holds, these equalities imply
MPH[o(X,Y)]) = —AR(X,Y)) VA € TH. Since P!d[o(X,Y)] and R(X,Y)
are vertical, the integrability equation holds. Conversely, if equation
holds, then our previous equalities imply that

d27_1)\(1_.[gyooé, HﬁQ,O/B) = ﬁl—[ﬂé 2/\1—1270(0(, 6)7 (316)

if Hgoa,ﬂﬁzoﬁ € %Elr(M ). Since horizontal projctable vector fields generate
any horizontal vector field and (3.16)) is tensorial in «, 3, it follows that (3.16|)
also holds for any «, 8 € I'V?. This proves the converse.
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o If X; € %]Er(M), then there exists a; € I'V? such that ng(ai) = X;, Vi =
0,1,2. Since o(ITh o(ev), ITh o () = —au(IT5 o (0)) = Mao(av, ay), we get

M2,0, Ma0)(a0, 1, 0) = =2 > Ta(, Al p(01, az)) — aIT gavo, ITh gou1]

(0,1,2)

= -2 ) dlg(ar, a2)(Xo) — aaXo, X1]
(0,1,2)

= -2 Z ﬁXo (O'(Xl,XQ)) + O'(XQ, [X(), Xl])
(0,1,2)

= —QdU(Xo,Xl,Xg),

where the first equality follows from . If identity 4 of Lemma holds,
then do(Xo, X1, X2) = 0, proving that the integrability equation holds.
Conversely, if equation holds, then [IIz g, s 0](a, a1, ) = 0 for any
a; € T'VY such that Hg’oai € %Er(M). Since [I3 o, IT3 ] is C-linear, it follows
that [z, II20]3,0 = 0, proving the fourth equivalence.

3.3 Cochain complexes in Poisson fiber bundles

In this Section we construct a cochain complex induced by integrable geometric
data in a fiber bundle. In further sections, we will see that, when the integrable
geometric data is induced by a coupling Poisson structure in the bundle, it turns
out that the corresponding geometric data define a cochain complex isomorphic
to the Lichnerowic - Poisson complex of the coupling structure. Since the cochain
complex induced by the geometric data is a bigraded cochain complex, in the sense
of Definition [1.2.1] we can apply Theorem to derive a splitting result for the
first Poisson cohomology group.

We begin by introducing the bigraded CZ module Vg of vertical-valued forms in
the base, which is the tensor product of the exterior algebra of differential forms in the
base with the Poisson algebra of vertical multivector fields in the total space, Vg =
Qp ®cge xv(E). This can be endowed with a Poisson algebra structure of degree
—1. After that, we study two classes of graded derivations in the Poisson algebra
(Ve, A, []): the adjoint operators, ad,, : Ve — Vg, n € Vg given by ad,v := [n,v],
and the covariant exterior differential 810 : Ve — Vg of a connection -y, given
by a Koszul-Cartan-type formula. We then describe the integrability conditions
of the geometric data (y,o, P) in terms of the covariant exterior differential 8;’70
and the curvature Curv” of the connection ~y, the vertical bivector field P and the
projection of the horizontal 2-form m)c. Finally, we show that the integrability
condition for (v, o0, P) implies that the graded operator 97 = 61770 —ad,y, +adp is
a coboundary in Vg. Moreover, if ¢ is horizontally non-degenerate, then the pair
(VE,97) is a Poisson bigraded model for the Lichnerowicz - Poisson complex of the
coupling structure associated to (7, o, P).
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3.3.1 The Poisson algebra of vertical-valued forms

Let (E,m, B) be a fiber bundle and V its canonical vertical distribution. Recall that
projectable functions in the total space are precisely the pull-back of base functions,
Ci (E) = m*CF. Hence, CY(E) and CF are isomorphic R-algebras. Because of the
involutivity of V and the above isomorphism, it follows that the triple (x§,(E), A, [,])
is a Poisson C%-algebra of degree —1, where x%,(E) :=I' A\ 'V are vertical multivector
fields, A is the exterior product, and [,] is the Schouten - Nijenhuis bracket (see
definition and properties of Page [32]).

Definition 3.3.1. Let (E, 7, B) be a fiber bundle and V its vertical distribution.
Define the space of vertical-valued forms in the base by

Vi 1= Qp ®cy xv(E).
Also, for each n,p,q € Z, define

Vit = Qf @cg x4(E),
Vi = GB Ve,

prg=n
Here, we put VR = {0} if p <0 or if ¢ <O0.
Observe that, in particular, we have:

0,0 _ oo
VO = oy,

V! = x4(E) = {vertical multivector fields},
p
Vg’o ~T /\VO = {horizontal forms in the total space}.

Note that we have a natural grading and bigrading in Vg, given by

Vi=EPve, V=PVl

nez neL

Moreover, V77 is isomorphic to the Cf-module of p-linear alternating applications
77;:1¥B X -+ xXp ——%:X%(ED.

From this point of view, we naturally endow Vg with a graded Poisson C'Z-algebra
structure of degree —1. Indeed, since {1p has a graded exterior algebra structure,
and yvy(E) is a Poisson algebra of degree —1, we can define a product and a bracket
on decomposable in Vg elements by

(a® A) A (B B) = (-1)FIAl(a A B)® (AAB),
[a® A, 8® B]:= (—1)Pl0A=D (4 A B) ® [4, B].
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This definition coincides with equation (2.2)). So, the triple (Vg, A,[,]) is in fact a

graded Poisson algebra of degree —1. Equivalently, these operations are given on

homogeneous elements by

(UAV)(UL s ’up-i-p’) = (_1)}7 I Z (_1)077(%;(1), s auo(p))/\y(ua(l’+1)7 s 7u0(p+p'))7
TES(pp!)

[777 V] (ub s 7up+p’) = (_1)p'(q—1) Z (—1)0[77(%*(1)7 s 7ua(p))7 V(ua(p+1)7 SR ua(p—i—p’))]a
TES )

(3.17)
where n € VB v € Vg’q/, andu; € Xg,i=1,...,p+p. For p=p =0, the bracket
[n, V] coincides with the usual Schouten - Nijenhuis bracket for vertical multivector
fields, and for ¢ = ¢’ = 0, [n, ] = 0 since the resulting bidegree is (p + p’, —1).

Adjoint derivations and the covariant exterior differential. Since Vg has
graded Poisson algebra structure, it is clear that each n € V27 induces a graded
derivation ad,, of bidegree (p, ¢—1) in Vg, called adjoint operator, by ad, (v) := [n, v].
By the Leibniz rule and the Jacobi identity of graded Poisson algebras, we have
ad, € Der(gg.g*l) (VE,/\, [,]) and [ad,,ad,| = adp,,; Vn,v € Vg. This identity is a
special case of the following general property: for any graded endomorphism D in
Ve, D € Derg(VE, [,]) if and only if

[D,ad,] = adp, Vn € Vg. (3.18)

Another important class of operators in Vg is represented by the covariant
exterior differentials. Those are bigraded operators of bidegree (1,0) induced by
an Ehresmann connection in (F,m, B).

Definition 3.3.2. Let v be an Ehresmann connection in (E,m, B). The covariant
exterior differential 810 : Vg — Vg is defined on homogeneous elements by

p
81077(UO, e ,up) = Z(*l)lﬁhor”ui (’I’](UQ, v @z e ,up))

1=0
+ Z(—l)iﬂn([ui, Uj], ug, - - Uy ﬂj .. ,’U,p).

1<j
Note that n(ug,...U;...,up) is a vertical multivector field and hor(u;) is
projectable. Therefore, Lyor(y,)(n(uo,..-Ui...,up)) is again a multivector field,

showing that, in fact, 610 is a bigraded operator in Vg of bidegree (1,0).

It follows from Definition that the covariant exterior differential is a graded
derivation of the exterior product and the bracket in Vg: 817’0 € Derﬁ (V;;, A, [,])

Therefore, equation (3.18]) implies

(0] 0, ady] = adgy Vi € Vi. (3.19)

o™’
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The covariant exterior differential (910 is related to the horizontal bigraded
component of the exterior differential d;o in E, defined by the bigrading of the
Ehresmann connection 7. Indeed, for each w € Q@O(E) ~ Vg’o,

I gmlw = mldy ow (3.20)

(recall the isomorphism 7} given in page . In particular, Corollary implies
that (81770)27r1w = 7/ (Lpw), where R € Q?(FE;V) is the curvature of y. Thus,
((’910)2 = 0 if and only if H is integrable. More generally, if Curv? € V?E’l is the
curvature 2-form (as in Definition , then the following identity is satisfied on
the whole algebra Vg:

(0] 9)? = adcury- (3.21)

Also, Bianchi identity for v (equation (2.13))) can be expressed as
d) (Curv? =0 (3.22)

_ Finally, observe for any Ehresmann connections v and 4 in (E,m, B), we have
8?,0 - aiy,o = ad,1g, where © = v — 7 (see Remark )

3.3.2 Coboundary operators from integrable geometric data

We now show that each triple (v, o, P) of integrable geometric data in the fiber
bundle (E, 7, B) defines a coboundary operator in Vg. This is a graded derivation
of degree 1 for both of the operations in Vg, and it is defined by its bigraded
components. The component of bidegree (1,0) is the covariant exterior differential
of =, the (0,1) component is the adjoint of the vertical bivector field P, and
the (2,—1) component is the adjoint of the projection of the horizontal 2-form
o. The integrability condition of (v, o, P) results in the fact that 97 is a coboundary.

Integrability equations in fiber bundles. Let (E,m, B) be a fiber bundle.
Recall that the vertical subbundle V in E is a regular involutive distribution. For
the rest of this work, a triple (v, o, P) of geometric data on (F,m, B) means a triple
of geometric data on (E,V), and a coupling structure II in (E, 7, B) also means a
coupling structure on (E,V).

Recall that an Ehresmann connection « induces the covariant exterior differential
] g, which is a derivation of bidegree (1,0) for both operations A and [,] in the
algebra Vg defined in Section Also, the curvature of the connection v is a
vertical-valued 2-form in the base, which measures the integrability of the horizontal
distribution: Curv” € V?E’I. Similarly, since P is a vertical bivector field, and o is a
horizontal 2-form, we naturally have P € V%’2 and T o € Viio, where

7T AVY — Qp @ CF

is the projection defined in Page
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The goal of this part is to define an operator by means of geometric data,
and show that the operator is a coboundary if the geometric data defining it are
integrable. To do this, equivalent conditions to the integrability equations are
presented in terms of 9] ;, Curv?, P and 7)o.

Proposition 3.3.3. Let (v, 0, P) be geometric data in the fiber bundle (E,m,B).
The integrability equations (3.8)-(3.11) for (v, 0, P) can be written as follows

o [P,P] =0,

.« 9],P =0,

e Curv? = [r)o, P,
o 3] y(mlo) =0.

Here, [,] denotes the bracket in Vg introduced by equation (3.17)) and 8?70 s the
covariant exterior derivative introduced in Definition [3.5.3.

Proof. Recall that the bracket in Vg coincides on vertical multivector fields with the
Schouten - Nijenhuis.

e In virtue of our previous observation, the first equation of this proposition is
precisely the first integrability condition fot the geometric data.

o If X € %EHT(E), then X = hor”(u) for some u € Xp. Furthermore,
LxP = Lo P = [hor” (u), P] = (9] 4 P)(u),

proving that 8] P = 0 if and only if LxP = 0 VX € X (E), which is the
second integrability equation of (v, o, P).

o If X)Y € %Er(E), with X = hor”(u) and Y = hor”?(v), then Curv?(u,v) =
R(X,Y) and [nlo, P](u,v) = [o(hor”(u),hor?(v)),P] = —Pfo(X,Y)],
proving that Curv’ = [r]o, P] if and only if R(X,Y) = —P!o(X,Y)]
VXY € %H;Ir(E), which is the third integrability equation of (v, o, P).

e Finally, recall that 7} : T’ /\k Vo — VE’O is an isomorphism and 8107730 =
mldigo. Therefore, 9] ymlo = 0 if and only if d; g0 = 0, which is equivalent
to the last integrability equation of (v, o, P).

Let (v,0, P) be geometric data in the fiber bundle (E, 7, B). Recall that the
adjoint of an element of the Poisson algebra Vg, with respect to the bracket [,],
is a derivation for both operations in Vg. In particular, for the vertical bivector
field P and the horizontal 2-form o, we have adp € Der?le(VE, A [,]) and ad,y, €
Der%’_l(VE,/\, [,]). If (7,0, P) are integrable, then both operators, together with
the covariant exterior differential (910, allow to construct a coboundary operator.
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Definition 3.3.4. Let (v, 0, P) be geometric data in the fiber bundle (E,m, B). One
can associate to the triple (v,0, P) an operator & € End} Vg

07 := 01,0+ 0p,1 + 02,1
whose bigraded components are defined by
81,0 = 81770, 82’,1 = *adﬁza, 6071 = adp.

Since 97 is the sum of bigraded derivations whose total degree is 1, it follows
that 97 is a graded derivation of degree 1 for the Poisson algebra (Vg, A, [,]).

We are now ready to prove that if 97 is defined by integrable geometric data,
then 97 is a coboundary operator. So, (Vg,d7) is a bigraded cochain complex.

Theorem 3.3.5. Let (v,0,P) be integrable geometric data in the fiber bundle
(E,7,B), and 97 = 81770 — ad.y, + adp the associated operator in Vg. Then,
(07)2 =0, and hence, (Vg,d7) is a bigraded cochain complex associated to (v, o, P).

Proof. As shown in Section the coboundary condition for @7 splits into the
following equations:

951 =0,

05 4 =0,

01,000,1 + 00,1010 = 0,
01,002,—1 + 02,1010 = 0,
o+ 02,1001 + 90,102-1 = 0.

Note that 95 ; = slad, gy, ad0,] = %ad[ﬂzamza] = 0. So, second equation is

always satisfied. The proof of the remaining equations follows from (3.18) and the
integrability equations in Proposition |3.3.3

1 1
9, = §[adP7adP] = §ad[P,P] =0,
81,030,1 + 30,131,0 = [51770, adp] = ad@?,op =0,

01,002,—1 + 02,-1010 = —[810, adwza] = —adalv =0,

5
0T%0

8%70 + 627_18071 + 80’1({“)27_1 = (61770)2 - [adﬂza, adp] = adcur — ad[ﬂmP] = 0.

Corollary 3.3.6. If1I is a coupling Poisson structure in the fiber bundle (E, 7, B),
and (v, 0, P) are its associated geometric data (in the sense of Theorem , then
" =0y —ad.y, +adp is a coboundary.

Some versions of Theorem can also be found in [12} 1T} [6l 18].
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3.4 Bigraded cohomological models

Let II be a coupling Poisson structure in the fiber bundle (E,w,B). The
Lichnerowicz - Poisson operator 6 : Yg — g is a coboundary and a graded
derivation of degree 1 for both the exterior product and the Schouten - Nijenhuis
bracket. On the other hand, if (7,0, P) are the associated geometric data to II,
then are integrbale (Theorem , and its associated operator 37 : Vg — Vg
is a graded derivation a and coboundary (Theorem . Therefore, a coupling
Poisson structure induces two cochain complexes: the Lichnerowicz - Poisson
complex (xg,6"), and the bigraded complex (Vg,d7) associated to its geometric
data. However, it turns out that such complexes are isomorphic [6, [18].

In this Section, we give a complete proof of this fact. Moreover, such
isomorphism only depends on the horizontal component of the coupling Poisson
structure. This cochain complex isomorphism allows us to study the Poisson
cohomology by means of the bigraded decomposition of the operator 07.

Recall that each o € T A VO defines a C$-linear morphism b, : TATE —
D AT*E given by (b, A)(X1,...,Xp) = A(c°X1,...,0°X}y). If, additionally, o
is horizontally non-degenerate, then b, : T AH — T'AV? is an isomorphim.
Furthermore, we can extend this map to an isomorphism from multivector fields
x M to vertical-valued differential forms Vg by tensor product.

Definition 3.4.1. For each ¢ € T /\2 VO, the linear mapping of bigraded
C¥-modules by : xp — VE is defined by

o A) (Ut ..., ups pi, .-y fg) = (—1)pA(0bh0r(u1), . ,thor(up), M1y ey uq),
for any homogeneous element A € X7, u; € Xp and p; € Q%l. This definition does
not depend on the choice of the connection used to calculate the horizontal lift.

So, our goal is to prove the following result (see also [0} [18]).

Theorem 3.4.2. Let (E, 7w, B) be a fiber bundle, 11 a coupling Poisson structure
and (v, 0, P) its associated geometric data. Let 6" : xg — xg be the Lichnerowicz
- Poisson operator of 11, and 97 := 81770 —ad,», + adp, the coboundary operator
associated to (y,0,P). The map by : (xg,6") — (Vg,07) is a cochain complex
isomorphism, i.e., the following diagram commutes:

Skl

k
XE

Thus, (Vg,07) is a bigraded model for the Lichnerowicz - Poisson complex.

To prove this theorem, we need the following result:
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Proposition 3.4.3. Letoc €T /\2 VO be a horizontally non-degenerate 2-form. The
map be : (xE, \) — (VE,\) is an exterior algebra isomorphism.

Proof. By purpose of calculus, fix a horizontal distribution H. Since horizontal lifts
generate at each point the tangent space, and o” : H — VY is an isomorphism,
then V) = {o’hor(u)(p) | uw € Xp} Vp € E.Hence, any A € y? is determined by
its values on the image of projectable vector fields abhor(ui) and vertical forms p;.
This proves the injectivity of b,, and the surjectivity is proved similarly. On the
other hand, if A € x%2%, B e X%, w1, ..., upry € Xp and pu1, ..., flgrq € Q%’l, then
o (AN B)(uy,..., Uptp/s U1y - - - ,/Lq+q/) =
(—1)PH7 (A A B)(Ubhor(ul), . ,Ubhor(upﬂ,/), [y fgtq) =
(_1)p+p tra Z (_1)0(_1)TA(Ubhor(ua(l))v SR Ubhor(uo(p))u Hr(1)s - /J“T(q))
UGS(p’pIPTGS(qu/)
b b
B(0"hor(ug(pr1)); - - -, 0 hOT (Ug (1)) Mgt - - -5 Hir(ga’)) =
(—1)pHr'trla > (=17 (1) (=106 (A) (Ug (1), - - -+ Uo(p)i B (1)s - - - » Hr(q))
O'GS(p’p/wTGS(q’q/)
(_1)2? bU(B) (ua(p—l-l)a <o U (ptp)s Hr(g4+1)s - - - HuT(q-i-q’)) =
[ba(A) N bU(B)](Ula <oy Uptps K1y - - nulq—I—q’)‘
]
Since b, : (xg,N) — (Vg,A) is an exterior algebra isomorphism, it induces
an isomorphism of R-derivations b’ : Derg(Vg,A) — Derr(xg,A\) given by

b*(D) :=b, 1o Dob,. Thus, the proof of Theorem is reduced to show that 6!
and b, ! 097 ob, are the same graded derivation in (xg, A).

Proof of Theorem . Recall that graded derivations in (xg,A) are determined
by their action on functions and vector fields. So it is enough to show that the
identity by o ™' = 97 o b, holds on C%, I'V and I'H by straightforward calculation.

o If f € Cp, then (07 0by)(f) = 0"f = af,of +adpf = mldiof + [P, f] and
(0o00™)(f) = bo([M20, f1+([Mo2, f1) = bo[Ma,0, f]+[P, f]. To prove the equality
by [[a0, f] = mid1of, just evaluate in u € Xp:

vo[Il2,0, fl(u) = (ideQ,o)abhor(u) = Ty (df, o”hor(u))
= —Tlz(0"hor(u),diof) = diof (hor(u)) = (wldiof)(u).

o If W €TV, then (97 0by)(W) = 9"(W) = 0] (W + adpW — ad;,W. By
bidegrees, we must prove 8¥’0W = bo[II, W11, adpW = b,[II, W]p2, and
—ad, 7, W = b,[II, W]z 0. The second equality is evident since [II2, W] has no
vertical part. The remaining equalities are verified as follows:
bo[TL, W]h1(u; A) = — [II, W](0 hor(u), A)

= — Ly (IL(c’hor(u), X)) — o”hor(u)[W, I*A] + A\[W, ITF6”hor (u)]
—Ahor(u), W] = AT oW (w) = 07 oW (s ),
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o [IL, W]2,0(u, v) =Ly (II(0”hor(u), o”hor(v)))
+ o”hor(u)[W, IT*e”hor (v)] — o”hor(v)[W, IT*6”hor (u)]
=Lw (o(hor(u),hor(v))) = [W,n)o(u,v)] = —ad,7,W (u,v).

e Let X € I'H be a horizontal vector field. Then (97 0b,)(X) = 9 obs(X) +

adpb,(X). By bidegrees, must prove
8Y’Obg(X) = bU[H, X]270, adpbg(X) = bo’[H,X:II’l’ 0= bO—[H,X]O’2. (323)

The last equality in (3.23)) follows from Lemma The first identity in
(3.23)) is proved as follows,

07 0o (X) (1, v) = Lnor(w) (00 (X) (1)) = Lpor(w) 0o (X) (1)) = be (X)[u, v] =

— Lnor(u) (o (hor(v), X)) = Lyor(v) (0(X, hor(u))) 4 o (hor[u, v], X) =

— Lnor(u) (7 (hor(v), X)) — Lyor(v) (0(X, hor(u))) + o([hor(u), hor(v)], X) =
Lx (o(hor(u), hor(v))) — o([hor(v), X], hor(u)) — o([X, hor(u)], hor(v)) =

Lx (o (hor(w), hor(v))) + o’ hor(u)[X, IFo’hor(v)] — o’ hor(v)[ X, ITFo”hor (u)] =

[I1, X](0hor(w), 0’ hor(v)) = by ]I, X]2,0(u,v),

~— —

(
o(hor

)

)

where in the third equality it has been used that hor[u, v] — [hor(u), hor(v)] is
vertical, and fourth equality follows from do(hor(u), hor(v), X) = 0. Finally,
the second identity in (3.23)) is proved as follows,

adpho (X)(u; A) = ([ o(X)](u)) =—A[Pb (X)(w)] = A[P, o (hor(u), X)] =
— A(PHd[o(hor(u), X)]) = M(R(hor(u), X)) — A(P*Lx0’hor(u)) =

— X, hor(u )]+£Xabhor( )(PAX) = EXthor( )(P*X) — A[X, hor(u)] =
Lx (6”hor(u)(P*A)) — o”hor(u)[X, IIFA] + A[X, IT*o”hor (u)] =

— Lx(II(c’hor(u), \)) — o”hor(u)[X, II*A] + A[X, IT*6”hor (u)] =

— [IT, X](0”hor(u), ) = be[IT, X]1.1 (u; \),

where, in the fifth equality, Lemma [3.2.4 has been applied.

Corollary 3.4.4. Let (E,m, B) be a fiber bundle. Let also 11 be a coupling Poisson
structure and (v, 0, P) its associated geometric data. If 3" is the coboundary operator
defined by (v,0, P) as in Definition then we have a cohomology isomorphism

(b = HE p(B,TT) —> H,.

This result allows us to reduce the study of Poisson cohomology of coupling

structures in fiber bundles to the cohomology of a bigraded cochain complex, in the
sense of Chapter



Chapter 4

Geometric Splitting of First Poisson
Cohomology

In this chapter we present some splitting-type results for the first cohomology group
of Poisson structures. We begin by the case of regular Poisson manifolds (Theorem
4.1.4). We apply there a global scheme which can be used only for regular Poisson
structures (see also [38, B2] 39]). Since our original results are motivated by the
singular case, we also present a splitting theorem for the first cohomology group of
coupling Poisson structures in fiber bundles (Theorem [4.2.5).

Given a closed symplectic leaf S of the Poisson manifold (M, V), there is
a tubular neighborhood of S diffeomorphic to the normal bundle E over S.
Furthermore, it is well-known [36] that, under such identification, the Poisson
structure ¥ is isomorphic to a coupling structure II in the bundle E. In other words,
the study of coupling Poisson structures in fiber bundles is related to the semilocal
study of Poisson structures (around symplectic leaves). Therefore, Theorem is
a first step in the study of the first Poisson cohomology group of singular structures.

The main result of Chapter [3| implies that the cohomology groups of the
Lichnerowicz - Poisson complex (xg,d') defined by the coupling Poisson structure
are isomorphic to the cohomology groups of the bigraded cochain complex induced
by the geometric data (Theorem . Since this second complex is bigraded, in
the sense of Definition we can apply the main result of Chapter (1| (Theorem
to obtain a splitting for the first cohomology group of this bigraded cochain
complex. Combining these results, we get the desired splitting for the first
cohomology group of a coupling Poisson structure. Such splitting has a natural
geometric interpretation.

We present geometric conditions that simplify the calculus of the first Poisson
cohomology group. As an application of Corollary we study the case when
the first vertical Poisson cohomology is trivial. Moreover, we present some examples
in which the first Poisson cohomology group is simpler, which are not attainable
in the general abstract scheme presented in Chapter These examples arise
when the Poisson structure on each fiber does not admit global non-trivial Casimir
functions. We present some examples for which the Poisson structure on the fiber is a
Lie-Poisson structure. The symplectic foliation on the fiber of most of such examples
are open book, which allows to prove that they do not admit Casimir functions.

63
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4.1 Regular case

In this part we present a geometric splitting for the first cohomology group of a
regular Poisson manifold (M,II). Since the characteristic distribution is regular
and involutive, the R-space of tangent vector fields is a Lie subalgebra of vector
fields. Moreover, tangent multivector fields form a graded Poisson subalgebra of
multivector fields with the Schouten - Nijenhuis bracket. This implies that tangent
multivector fields form a cochain subcomplex of the Lichnerowicz - Poisson complex,
which is called tangential Poisson complez [§]. Furthermore, the tangential Poisson
complex is isomorphic to the leafwise de Rham complex, which is well understood
in some particular but important cases [32].

On the other hand, we present a bigrading for the Lichnerowicz - Poisson
complex. To do this, we fix a generalized connection  in the Poisson manifold
(M, II) such that the horizontal distribution of v and the characteristic distribution
of II coincide: H = DY. With such bigrading, the the Lichnerowicz - Poisson
complex (xas,6") is a bigraded cochain complex, in the sense of Definition m

Finally, we derive the following splitting for the first Poisson cohomology group:
HY p(M,TI) ~ Hés ®{Y e %gr(M, H) | Lyw is ds-exact}.

The first factor is precisely the leafwise de Rham cohomology and corresponds
to the tangential Poisson cohomology. The second factor consists on the trivial
deformations of the leafwise symplectic 2-form w. This splitting is derived as
consequence of Theorem of Chapter |1 applied to the Lichnerowicz - Poisson
complex with the bigrading given as explained in above.

4.1.1 Tangential Poisson complex

Let (M,II) be a regular Poisson manifold with rankIl = k. In this case, the
characteristic distribution D' is a subbundle of TM. So, the symplectic foliation
(S,w) is a regular foliation. Moreover, since D'l = T'S is an involutive distribution,
the algebra of tangent multivector fields I' ATS ~ T' A D' is a graded Poisson
subalgebra of multivector fields (xar, A, [,]), with the exterior product and the
Schouten - Nijenhuis bracket. In particular, since II € F/\2 DU we get that
tangent multivector fields define a cochain subcomplex of the Lichnerowicz - Poisson

s1 (r/\DH) cr \D"™

The pair (F/\Dn,én) is called tangential Poisson complex. The spaces of
cocycles, coboundaries and cohomologies are respectively denoted by ZE (M, 1I),
BE, (M, 1) and HE (M, TI).

tan tan

complex:

Recall that, in general, the map firy : Q237 — X s is a cochain complex morphism,
which induces a cohomology morphism from the de Rham to the Poisson complex
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by #57]e] := [fnal. In the regular case, the map £ : H¥: (M) — HE (M, II) values
on the tangential Poisson cohomology group.

Also, recall that, associated to each regular foliation on a differential manifold,
there is a cochain complex called leafwise de Rham complex. For the symplectic
foliation (S, w), the foliated exterior differential ds is a coboundary operator acting
on leafwise differential forms T' N\ T*S by

dsA(Yo,...,Y,) = Z(—1)i(z*m)@(m,...,ﬁ,...,Yp))

1=0
+Z(_1)Z+JA([YLYT7LYVM s 72) s 71//}7 . '7va)a
1<j
for all Yp,...,Y, € I'(T'S). Indeed, it can be shown that the triple (I' AT'S,s,[,]) is
a Lie algebroid. So, ds is a Lie algebroid differential, and the pair (I' A T*S,ds) is
the leafwise de Rham complex.

Since II is a section of /\2 TS, the maps IT* and fy7, defined in page can be
naturally defined for leafwise differential forms in the same fashion:

(B, IT*a) == I(av, B), b, ..., ap) = Ao, ... Tlay).

On the other hand, the symplectic structure w is a leafwise differential 2-form, i.e.,
w e T A*T*S, which is given by w(Xy, Xgy) :=1II(df,dg). Moreover, w induces the
following maps

W’ T(TS) — I(T*S), by : T NTS — T \T"S,
by W (X) == —ixyw and by A(X1,..., X}) := A(WX1,...,w"X}). Tt is clear that
(W o II%) () = —a, (fr1 0 by ) (A) = (=1)141A,

(IFow’)(X) ==X,  (byotm)(A\) = (=1)P\

Thus, #; and b, are isomorphisms. Furthermore, both are exterior algebra
isomorphisms, which is easy to verify by simple calculation.

Proposition 4.1.1. The map fn : (T AT*S,ds) — (DATS, ") is a cochain
complex isomorphism. In particular, there is a cohomology isomorphism (fi1)« :
Hc’fs — HE_(M,1I).

Proof. Recall that 61 and ds are graded derivations of their respective exterior
algebras. So, we just need to prove that 6" ofiy; = fij 0 ds holds on C59 and T'(T*S).
First note for f € C$% that (0" o tn)(f) = [I, f] = - X = —Ifdsf = tpdsf =
(fr1 o ds)(f). On the other hand, I'(T*S) is locally generated by elements of the
form fdsg. Moreover, 6!l oty and iy ods are graded derivations coinciding in f and
vanishing in dsg. Therefore, both operators coincide in I'(7T*S), as desired. m
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4.1.2 The bigraded Lichnerowicz - Poisson complex

By means of a generalized connection, the above isomorphism can be naturally
extended to the whole algebra of multivector fields. Recall that a generalized
connection v in M is a vector bundle endomorphism v : TM — T M of constant
rank such that 42 = v. The kernel and the image of v are regular distributions,
respectively called horizontal and wvertical distributions: H := ker(v), V := Im(y).
It turns out that TM :=H@ V.

Let (M,II) be a regular Poisson manifold. It turns out that the symplectic
foliation (S,w) is regular. Now, fix a generalized connection v in M such that
the horizontal distribution of v coincides with the characteristic distribution of I1:
H := DY, This induces a bigrading in M (see Section. In particular, multivector
fields become a bigraded algebra with the exterior product. The bigrading in this

case is given by
- @ v
P,qEL
where x4/ :=T (APHA A?V). Such bigrading has the following properties:

e The horizontal distribution H is involutive.

e The bivector field II is a section of A\®H.

The first property implies that the curvature of v is zero: R = 0. Thus, the
bigraded decomposition of the exterior differential is d = d o + do,1 + d—12, and
the components have Frolicher - Nijenhuis decompos1t10ns dio = Lidpy— — iR,
do,1 = L4 + 2ig/, d_12 = —igs, due to Theorem The second property means
that, With this bigrading, II has bidegree (2,0).

Observe that the differential operators iff and d_; o commute with each other.
Indeed, since iy € D;Q’O(M) and d_12 € DII’Q, we have [if,d_12] € D2_3’2(M).
If the degree of a € Qs is equal or less than 2, then, in particular, its horizontal
bidegree is at most 2, and the horizontal bidegree of [iff,d_12](a) is negative.
Hence, [if7, d—1 2] is a differential operator of order equal or less than 2 vanishing in
forms of degree equal or less than 2. This implies [if;, d_1 2] = 0, due to Proposition

234

As consequence of our above discussion, the bigraded decomposition of the
Koszul - Brylinski operator is Ly1 = [irr, d] = [if1, d1,0] + [ir, do,1]. Now, fix Q € Xﬁ/,{k
(h+k =q)and ¢ € Q) (r+s = g+1). By the definition of the Schouten - Nijenhuis
bracket,

a(g+1) 4(q+1)

(,8"Q) = (o, L, Q] = (—1) i ge = (—1) "% [Lu, igly
= (=)™ [fin, do. ] igle + (—1) ™= [[irr, du 0], ig]e-

Observing that each summand in this equation is a bigraded operator in x s, we
arrive at the following result.
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Theorem 4.1.2. Let (M,II) a regular Poisson manifold with characteristic
distribution D', Fixz a connection v such that its horizontal distribution is DM,

H=D" — V=Im(y), TM=HoV. (4.1)

The Lichnerowicz - Poisson operator has the bigraded decomposition 6" = 5{{0 +

55_1, where 550 and 52_1 are graded commutative coboundary operators given by

(0, 61,Q) = (=)™ [[in, do,1] il
(0, 08_1Q) = (=)™ [[in, da, 1], ig]p-

Remark 4.1.3. A version of Theorem is given in [32]. The idea of the proof
1s very similar: to use a bigrading of the Lichnerowicz - Poisson complex associated
to a distribution complementary to the characteristic distribution DV. However, the
bigrading in [32)] is different to , since it is chosen the characteristic distribution
as the vertical distribution.

4.1.3 First cohomology of regular Poisson structures

Consider the bigrading in M given by the generalized connection + induced by
the decomposition . Let us apply Theorem to the Lichnerowicz-Poisson
complex in the regular case. For 9 = §', take oo = 650, Oo1 =0,0,_1 = 65,1.
Since 0p,1 = 0, the intrinsic objects defined in Chapter [1| can be easily computed. In
this case, operator 5170 is given by the restriction of 6 to

C*0=xy =T \H=T /D",

which are precisely tangent multivector fields. Therefore, the complex (25601,51,0)
is the tangential Poisson complex: (I' \ DY, M) (see [32, §]).

The subspace A is given by transversal vector fields preserving the foliation, or
vertical projectable vector fields

%
Xpr (M, H) = {X eT'V|[X,TH] c TH}.
Indeed, note that

A={Y € C¥ |810(Y) =0} ={Y eIV | 5f,,(Y) =0}
={Y eIV|[ILY];1 =0} ={Y eTV|[ILY] eI A* D"},

which proves %XY(M ,H) C A. Conversely, if Y € A, then

The right-hand side summands are sections to D', Thus, [V, X;] € TD™. Since D!
is generated by Hamiltonian vector fields, this implies that Y € %V (M, H), proving
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that A C %Xr (M,H). Thus, A= %;Yr(M ,H) is the space of transversal vector fields
preserving the foliation. This is not a Lie subalgebra of vector fields excepting the
case in which vertical distribution V is involutive, i.e., if the generalized connection

«v is flat: [y,v]rny = 0.
The morphism p : A — H,,(M,1I) is given by p(Y) = [05'_;(Y)]. Therefore,

kerp={Y € A| (52,1(1/) is 6EO—exact} ={Y e A|Lyllis 6EO—exact}
={YecA|Lyll=6"(Z),Zc D"} ={Y € A|tn(Lyw) = " (#n(a)),a € O}
={Y € A|tn(Lyw) = tn(dsa),a € Q4 ={Y € A| Lyw = dsa, a € Q3 }
={Y e %V (M H) | Lyw is ds-exact}.

The above discussion allows us to prove the following result.

Theorem 4.1.4. Let II be a regular Poisson structure in a manifold M with
characteristic distribution DY, Fiz a distribution V. C TM complementary to the
characteristic distribution H = DY. The first Poisson cohomology group splits as

HE (M) ~ Hd5 ®{Y € %V (M H) | Lyw is ds-exact}.

Proof. Because of Theorem 2| the Lichnerowicz - P01sson complex (xaz,0") is a
bigraded cochain complex in the sense of Definition 1| with the bigrading induced
by . Applying Theorem to the bigraded cochain complex (xas,6"), we arrive
to the following short exact sequence:

0—Hg > Hom — — 0. (4.2)

Since Jp,1 = 0, we have B(%Ol = {0}. On the other hand, our previous analysis
shows that 7—%1 . is precisely the first tangential Poisson cohomology: H¢,,(M,II).

Furthermore, Proposition implies that #H{,,(M,II) is isomorphic to the first
leafwise de Rham cohomology group of the symplectic foliation S:

Hion (M) = HJ .
Finally, our previous analysis also shows that
kerp={Y € %V (M H) | Lyw is ds-exact}.
Therefore, the sequence in is equivalent to the following,
0— Hi, = Hip(M,TI) = {Y € X,(M,H) | Lyw is ds-exact} — 0.
Since we are in the category of R-vector spaces, this implies
HEp(M,TI) ~ Hds e{Y ¢ 3€V (M,H) | Lyw is ds-exact},

as desired. m

The following consequence of can be found, for example, in [38], 31l [32].
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Corollary 4.1.5. Let (S,w) be a symplectic manifold of finite Betti numbers, and
N any differential manifold with the trivial Poisson structure. Take M =S X N as
product of Poisson manifolds. Then

Hip(M,1I) = (Hip(S) ® CF) & Xy

Proof. In this particular case, the leaves of symplectic foliation of M are S x {n},
with n € N, and the leafwise symplectic structure at each leaf is w in S x {n}. Since
S has finite Betti numbers,

HY, ~ Hip(S) ® CF.

On the other hand, let o € Q2%, be defined by iyo = 0if Y € I'V and by o(Xy, X,) =
w(Xyf, Xg). Then,

Lyo =iydo + diyo =0,

so Lyw = 0. Thus {Y € X (M, H) | Lyw is ds-exact} = X5 (M,H) ~ Xy. =

Notice that the scheme presented in this section only works for regular Poisson
structures. Indeed, the choice of the characteristic distribution as the horizontal
distribution is only possible if the Poisson structure is regular. In the following
sections we apply the results of Chapter [3]to the case of coupling Poisson structures
in fiber bundles whose characteristic distribution may be singular.

4.2 The case of coupling Poisson structures

In this part, we get a splitting-type result for the first cohomology of a coupling
Poisson structure II in a fiber bundle (E, 7, B). To do this, we apply the results of
Chapter 1] to the bigraded cochain complex (Vg,d7) defined by the geometric data
(v, 0, P) associated to II.

First of all, we apply the cochain complex isomorphism given in Theorem [3.4.2
to describe the infinitesimal automorphisms of a coupling Poisson structure II in
terms of the geometric data (v, o, P). Since (Vg, ") is a bigraded cochain complex,
the equations for an infinitesimal automorphism of II are bigraded equations for two
parameters in Vg: a vertical vector field W € I'V and a horizontal 1-form 6 € I'H.

Also, for the bigraded cochain complex (Vg, d7), we give a geometric description
of the objects introduced in Chapter We begin by describing geometrically
the coboundary spaces of Jp1 = adp. Then, we show that the subspace A7 is a
Lie R-subalgebra of vertical infinitesimal automorphisms, and we also describe the
morphism p. From this geometric point of view, we are able to present conditions
which simplify the calculus of the first Poisson cohomology group of II.
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4.2.1 Infinitesimal Poisson automorphisms
Let (E,m, B) a fiber bundle and II a coupling Poisson structure on F,
VeV =TE,  V=ker(m). (4.3)

Let also (v,0,P) be the integrable geometric data associated to the coupling
structure I (in the sense of Theorem . The splitting induces a bigrading
in M such that the coupling Poisson structure and the exterior differential have
the bigraded decompositions Il = Il g 4+ Ilp2 and d = dq 0 + dg,1 + d2 1.

On the other hand, the involutivity of V implies that the R-space of wertical
multivector fields xv(F) := I' A'V has a Poisson algebra structure induced by the
exterior product and by the Schouten - Nijenhuis bracket. Taking in account that
Q) p also has exterior algebra structure, the R-space of vertical-valued forms in base
Vi = Qp Qe xv(F) can be naturally endowed with a Poisson algebra structure:
(Ve, A, [,]). The adjoint operator of n € Vg respect to the bracket [, ],

adn : VE — VE,
v +— ady(v) == [n, ],

is a graded derivation of both operations A and [,]. On the other hand, the
covariant exterior differential 9] ; associated to an Ehresmann connection 7 is also
a graded derivation of both operations A and [,] (see Definition [3.3.2). Because of
Theorem the integrable geometric data (v, o, P) define a coboundary operator
07 in terms of their bigraded components by 07 := 81770 —ad,y, + adp. Moreover,
Theorem says that the given bigraded cochain complex (Vg,d?) is isomorphic
to the Lichnerowicz - Poisson complex (xg, ") induced by the coupling structure
IT. This isomorphism is induced by ¢ in a natural fashion, and is denoted by b, .

We now apply Theorem [3.4.2] to get the following immediate consequence.
Lemma 4.2.1. If A € xg, then 6"'(A) = 0 if and only if 9b,(A) = 0.

Further, this allow us to re-write conditions for a function and a vector field to
be 0 and 1-cocycles of the Lichnerowicz - Poisson complex in terms of the geometric
data (v, 0, P).

Lemma 4.2.2. Let II be a coupling Poisson structure on (E, 7, B) and (v, 0, P) its
associated geometric data. A smooth function f € Cg’ is Casimir for 11 if and only
if the following conditions are satisfied:

1. f is dy-closed: df € THO.
2. f is a Casimir function for P.

Proof. Due to Lemma EL [, f] = 0 if and only if 97f = 87 (bs(f)) = 0. From
the proof of Theorem [3.4.2) this condition is equivalent to m/diof + [P, f] = 0.
Splitting in bidegrees, and recalling that 7} is an isomorphism, we get diof = 0
and [P, f]=0. m
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Proposition 4.2.3. Let II be a coupling Poisson structure on a fiber bundle
(E,7,B) and (v,0, P) its associated geometric data. A vector field Z + W € Xg,
with W € I'V and Z = Hﬁzo@, 18 an infinitesimal Poisson automorphism for 11 if
and only if

1. ,CWo' == d1709,
_ H
2. [X, W] =P[I(X)] VX € X (M),
3. W is an infinitesimal Poisson automorphism of P, Ly P = 0.

Proof. Recall that § = —¢”Z. Tt follows from Corollary that Z + W is an
infinitesimal automorphism for II if and only if 3b,(Z + W) = 87 (=70 + W) = 0.
On the other hand, by the bigraded decomposition 07 = 9/ +adp —ad,,, it follows
that 07(—nJ]0 + W) = 0 is equivalent to the following three equations:

A gml0 = —[rlo, W], (4.4)
0] W = [P, 7]0],
[P,W]=0. (4.6)

Note that the left-hand side of equation (4.4) is 9] (770 = mJd; 6. Since 7} is an

)

isomorphism, to prove the equivalence between 1 and (4.4]), it suffices to show that
[rlo, W] = —n]Lwo. Indeed, if u,v € Xp, then

[r)o, W](u,v) = [1)o(u,v), W]
= [o(hor(u), hor(v)), W] = — Ly (o (hor(u), hor(v)))
= —(Lwo)(hor(u), hor(v)) — o([W, hor(u)], hor(v)) — o(hor(u), [W, hor(v)])
= —(Lwo)(hor(u), hor(v))
= —(mlLwo)(u,v),

proving that equation (4.4) is equivalent to Lo = djpf. Now, let us prove the
equivalence between 2 and equation (4.5)). Evaluating u € Xp on each side of (4.5])
gives

o7 oW () = [hor(u), W],
[P, 776)(w) = ~ [P, 776(w)] = Ptd[8(hor(w))].

Since any projectable field is an horizontal lift and conversely, we have that equation

(4.5)) is equivalent to
X H
(X, W] =PH[O(X)] VX € X (M),

as desired. Finally, the integrability condition for (y, o, P) implies that P is a Poisson
bivector field. Since W is vertical, [P,W] in Vg equals the Schouten - Nijenhuis
bracket [P, W] in xg. Therefore, equation is precisely the condition for W to
be an infinitesimal automorphism for P. =
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4.2.2 First cohomology of coupling Poisson structures

Let II be a coupling Poisson structure on a fiber bundle (E, 7, B) and (7,0, P)
its associated geometric data. Define the graded operator 97 : Vg — Vg by its
bigraded components

do=0y 0o1=adp, 01 =—ady,.

Because of Theorem (Vg,07) is a bigraded cochain complex. Furthermore,
Theorem implies that the first Poisson cohomology group of II is isomorphic
to the first cohomology group of the bigraded cochain complex (Vg,d7). In order
to apply our results of Chapter (1, we need to study the cocycles of dy1 = adp.

Lemma 4.2.4. For the bigraded cochain complex (Vg,0"), the coboundary spaces
of 9o = adp are Zg(’)ol = OF ® Casim(E, P).

Proof. Fix n € V%O. Then,

Ooan(ut, ..., up) = adpn(ui, ..., up) = [P,n)(u1,...,up) = (=1)P[P,n(u1,...,up)l,
where in the right-hand side we have the Schouten = Nijenhuis bracket. Therefore,

n e 255?1 if and only if n(uy, ..., u,) € Casim(E, P) for all u; € Xp. This is precisely
n € O ® Casim(E, P), as desired.

The results of Chapter [I] imply that the covariant exterior derivative of =,
restricted to

—
61,0 e 81’y70‘5‘2]3®Casim(E,P)
is a coboundary operator in Qp ® Casim(E, P). This fact can also be verified

directly by equations (3.21)) and (3.10j).

Now, we need to study the subspace A”. By definition of 919 = 9], and Jp,1 =
adp, the space A" is given by

AY = {Y € Poissy(E, P) | 3py € Qp @ C¥ : [Y,hor"u] = P!y (u) Yu € X5}.
Note that A7 is a Lie subalgebra of Poissy(E, P). Indeed, if Y, Z € A7 and
u € Xp, then [Z, hor"u| and [Y,hor”u] are Hamiltonian. Since Ham(E, P) is an
ideal in Poissy(FE, P), we have that
[[Y, Z], hor"u] = [Y, [Z, hor"u]] + [[Y, hor"u], Z]

is also a Hamiltonian vector field. Furthermore, the Lie algebra .4” has Ham(FE, P)

as an ideal. Equivalently, a partitions of unity argument shows that A can be
defined by

A" ={Y € Poissy(E, P) | [Y,hor"u] € Hamy(E, P) Yu € Xp}.
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To describe the morphism p, first note that

02 1Y (u,v) = —[r]o,Y](u,v) = —[r]o(u,v),Y]
= Ly(m]o(u,v)) = Ly (o(hor’u, hor'v))
= Lyo(hor"u, hor"v) 4+ o([Y, hor"u], hor"v) + o (hor”u, [Y, hor"v])
= Lyo(hor"u, hor"v)
= (m]Lyo)(u,v).

Thus, p: A7 — HZ,

5» s defined by p(Y) := [0] By + 7! (Lyo)]. Hence,
1,0 ’

kerp ={Y € A7 | 9] By + 7] (Lyo) is 5’{,0 — exact}.

Theorem 4.2.5. Let I be a coupling Poisson structure on a fiber bundle (E,m, B).
If (v, 0, P) is the geometric data associated to I1, then the first Poisson cohomology
group of 11 is isomorphic to

ker p

"
01,0

S5 (4.7)
Proof. Let (Vg,07) be the bigraded cochain complex defined in E by (v,0, P).
Recall that 07 has the following bigraded decomposition 97 = 019 + 0o,1 + 02,1,
where

81,0 = 810, 80,1 = adp, (927_1 = —adﬂg.

Therefore, we can apply Theorem to the bigraded cochain complex (Vg,d7).
In particular, equation (1.14)) reads

ker p

Ham(E, P)

0= Hiy — Hyy —
1,0

Since we are in the category of R-vector spaces, this sequence is equivalent to

ker p
1l
o = 7—[510 © Ham(E, P)’

Finally, by Corollary of Theorem |3.4.2, we know that
Hip(E,1D) ~ Hi,,
which completes the proof. m

Note that, in the right-hand side of splitting , obtained for the first Poisson
cohomology group, the first factor do depends on the choice of the Ehresmann
connection . Indeed, recall that the correspondence between coupling structures
IT and geometric data (v,o, P) is bijective. This means that if we change the
Ehresmann connection 7, then the coupling structure II is also changed.
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We now consider a situation in which the first factor of H} (F,II) does not
depend on the choice of the Ehresmann connection .

Let (E, 7, B; P) a Poisson fiber bundle and 7 a Poisson connection, i.e., such that
horizontal lifts are infinitesimal automorphisms, Ly, P = 0 Vu € Xpg. In other
words, the vertical Poisson structure is invariant under parallel transport. Consider
the covariant exterior differential (910 : Vg — Vg of v, given by

p
Ol gn(uo, .- up) =Y (=1) Luorru, (n(uo, - Ts - .., up))

=0
+Z(—1)i+j77([ui, uj],uo, U aj e ,’LLp).
1<j

Note that the second summand does not depend on the choice of the connection ~.

Proposition 4.2.6. Let (E,mw, B;P) be a Poisson fiber bundle and v a Poisson
connection. Assume that Poissy(E, P) = Ham(E, P). Then

5}70 : Qp ® Casim(E, P) — Qp ® Casim(E, P)
does not depend on the choice of the Poisson connection 7.

Proof. Let 4 be another Poisson connection. For each u € Xpg, the horizontal
lifts hor”(u) and hor”(u) are Poisson vector fields, which are m-related to u. Thus,
the difference is a vertical Poisson vector field: hor”(u) — hor” (u) € Poissy(E, P).
Furthermore, since Poissy(E, P) = Ham(E, P), it follows that hor”(u) — hor” (u)
is Hamiltonian. In particular, ﬁhoﬂ(u)—hoﬁ(u)K = 0 for each K € Casim(E, P).
Therefore, if n € Qp ® Casim(E, P), then

p
8107](”&0, .. ,up) = Z(_l)l['hor“yui (T](ZLO, e ﬂz e ,up))

=0
> (=D, ug, o, T Ty )
i<y
p

— Z(_l)iﬁhoriui(n(uo’“ ’I/L\Z ..,up))
i=0
+Z(—1)i+j7]([ui, ujl, ug, . U U, Up)
1<j
= 6177077(u0, CeUp),
proving that 5’{70 : Qp ® Casim(E, P) — Qp ® Casim(E, P) does not depend on

the choice of v. m

We conclude that the assertion of Proposition is also true if Poiss(Ep, Py) =
Ham(Ey, Py) for every b € B.
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4.2.3 Regular coupling Poisson structures

In this part we apply Theorem to a regular coupling structure. More precisely,
if B is a regular symplectic leaf of a Poisson manifold, then there is a tubular
neighborhood of B which is diffeomorphic to the normal bundle E over B, and the
Poisson structure in F is a coupling structure with the following geometric data:

e The horizontal distribution H is the characteristic distribution. Thus, the
Ehresmann connection is flat.

e The vertical Poisson structure is zero: P = 0.

e The horizontal 2-form o is projectable.

Furthermore, we compare the result obtained here with Theorem |4.1.4

Recall that, according to [36], coupling Poisson structures arise in the semilocal
study of Poisson structures. Indeed, if S is a closed symplectic leaf in the Poisson
manifold (M, ¥), then there exists a tubular neighborhood U of S such that U is
diffeomorphic to a vector bundle E over S. Moreover, under such diffeomorphism,
the Poisson structure ¥ is isomorphic to a coupling structure II in E.

On the other hand, assume that S is reqular, i.e., the tubular neighborhood U of
S can be chosen such that the Poisson structure is regular in U. Moreover, a model
for the regular Poisson structure in the tubular neighborhood of S can be given in
the following terms:

e The Poisson structure ¥ can be viewed as a regular coupling structure II in a
fiber bundle (F,m, S), where S is a regular symplectic leaf.

e The characteristic and the horizontal distributions coincide: H = II#(T*E).
e The connection + is flat: Curv” = 0.
e The vertical part of II is zero: P =1lp9 = 0.

This choice on the geometric data is motivated by the following well-known
fact: any regular Poisson structure around a closed symplectic leaf is isomorphic to
a coupling Poisson structure with the above geometric data [36].

Moreover, on each symplectic leaf, the horizontal Poisson structure II restricts
to a nondegenerate Poisson structure. Also, we have the nondegenerate Poisson
bivector IIg € I’ /\2 T'S in the base related to II:

7T*(I_L‘Ev'(dBf7 ng)) = H(dﬂ'*f, dﬂ-*g)

Therefore, 11 is projectable. So, the horizontally nondegenerate 2-form o € I' /\2 \&
projects to the symplectic form wg € QQB in the base: /0 = wp ® 1. In other words
o € Q2 (E). Finally, note that

3107730 =m)d1 oo =dpw® 1 =0,
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proving that the fourth integrability equation for (v, o, P) is satisfied. In this special
case, Poissy(E,P) = TV and AY = {Y € TV | [hor"(u),Y] = 0 Yu € Xp};
equivalently,

A ={Y eTV|[V,TH] C TH} = X,.(E,H),

which is the space of transversal vector fields preserving the foliation. Moreover,
since ~ is flat, the bigraded decomposition of the exterior differential in E has
the form d = dig + do,1, where dio and dgp; are commutative coboundary
operators. Hence, the horizontal forms Qyo(E) = T' A VY with the horizontal
component djo define a cochain complex which is isomorphic to the leafwise de
Rham complex induced by the symplectic foliation (S, w) of II. Taking into account
that the projection of horizontal forms satisfies , we get a cochain complex
isomorphism, 9} ymlo = mlds go. In particular, ?—[(29;,0 ~ Hc215‘

Finally, since P = 0, for any Y € A7 we can take as choice of Sy the zero vector
valued form. Hence, p : A7 — 7—[(211’0 simply reads p(Y) = [Lyo] € 7—[310. The
cochain complex isomorphism (Qyo(E),d; o) — (I' AH*, ds) maps o to w, but also
Lyo to Lyw. Taking into account that Ham(E, P) = {0}, we get the following
consequence of Theorem

Proposition 4.2.7. Under above assumptions, we have the following isomorphism:
H}p(E,TI) ~ Hés ®{Y € %Xr(EjH) | Lyw is ds — ezxact}.

Remark 4.2.8. Note that this result, obtained for regular coupling Poisson
structures, follows from Theorem[].1.4) formulated for any regular Poisson structure.

4.3 Examples

In this part we study the first cohomology of two classes of coupling Poisson
structures in fiber bundles. The first class consists on coupling structures in which
the first cohomology group of its vertical part has trivial cohomology. The coupling
structures of the second class are those for which the only Casimir function of their
vertical part are the projectable functions.

In both families, the splitting - type formula for the first Poisson cohomology
group HlLP(E,H) simplifies. In the first case, the resulting formula is a direct
consequence of Corollary[1.2.3] On the contrary, the resulting formula for the second
case cannot be obtained in this manner, since the notion of projectable function
cannot be extended to an arbitrary bigraded cochain complex.

Trivial cohomology for the vertical Poisson structure

We study the first Poisson cohomology group of a coupling Poisson structure with
vertical trivial cohomology: Poissy(E, P) = Ham(F, P). In this case, the second
factor of splitting (4.7) simplifies, and the first factor do not depend on the choice
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of the connection ~.

Let (v, 0, P) be the geometric data associated to a coupling Poisson structure II
on a fiber bundle (E,m, B). Assume that the first vertical Poisson cohomology is
trivial, that is,

Poissy(E, P) = Ham(E, P). (4.8)

Since, in general, we have

Ham(FE, P) C ker p C A7 C Poissy(E, P),

equation (4.8) implies Ham(FE,P) = kerp. So, %. As consequence of

Theorem we get the following result.

Proposition 4.3.1. Let II be a coupling Poisson structure such that condition (4.8])
holds. Then
H}p(B, 1) ~ H%Yo'

Corollary 4.3.2. Let II; and Iy be two coupling Poisson structures in the fiber
bundle (E,m, B) with geometric data (y1,01, P) and (y2, 09, P), respectively. If the
vertical first cohomology of P is trivial, i.e., Poissy(E, P) = Ham(FE, P), then

HL (B 1) = HEp(E D).
Proof. Because of Proposition we have
Hip(E L) = Hyn s  Hip(E,Tl2) = H;
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On the other hand, since (71,01, P) and (72,09, P) are geometric data induced by
coupling Poisson structures, the integrability equations are satisfied; in particular,
71 and 7 are Poisson connections in the Poisson bundle (E,7,B;P). Finally,
Proposition implies that 0] = 9,¢. Thus, H}p(E, 1) = H} p(E,1T5). =

Note that a necessary condition for the property Poissy(E, P) = Ham(E, P) is
that on each fiber Ej, b € B, the equality Poiss(Ey, Py) = Ham(Ep, P,) holds. The
converse still is an open problem.

Free Casimir function case. Examples

The previous particular case presented is a direct consequence of Corollary
since the condition can be expressed by the bigraded cochain complex.
The following examples cannot be obtained in this manner, since the notion
of projectable function cannot be generalized to the algebraic case without an
additional structure on the bigraded cochain complex.

Let IT be a coupling Poisson structure in the fiber bundle (E, 7, B) with integrable
geometric data (v, o, P), such that every Casimir function for P is projectable:

Casim(E, P) = CX(E). (4.9)
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In this case, the cochain complex given by the coboundary operator
510 LR CR(E) — QL @ C(E)
is isomorphic to the de Rham complex in the base space.
Lemma 4.3.3. If Casim(F, P) = C51(E), then
T Qp @ O (E) — Qp

defines a cochain complex isomorphism from (QB®C’S;°(E),5¥7O) onto (Qp,dp), i.e.,

the following diagram commutes
-

0
Qp @ CX(B) —2 Qp ® CX(E)

T T x

Qp T

Proof. This follows from definition of 510 and the fact that m. : C52(F) — COF is
an isomorphism. m

In particular, 510 identifies with the exterior differential dp in the base B by
0] (0 ® 1) = (dpf) ® 1. Hence, we have H% ~ Hk.(B).
) 1,0

Proposition 4.3.4. If (v,0, P) are the geometric data associated to the coupling
Poisson structure I1 in the fiber bundle (E,m, B) such that condition (4.9), i.e., every
Casimir function for P is projectable, then
ker p
1 1
E )~ H;p(B)® —————
Hpp(E, 1) dR( )@Ham(E,P)
In particular, if B is simply connected, then
ker p
1
EIl)~——.
HLP( Y ) Ham(E, P)
Moreover, if, in addition, H3p(B) = {0}, then
A7
1
EIl)~———.
HLP( Y ) Ham(E, P)
The last isomorphism is consequence of the definition of p, since p values on
H%?,o ~ H3.(B).
Remark 4.3.5. Suppose that the following conditions are satisfied:
Poissy (F, P)
Ham(E, P)
As direct consequence of Proposition we conclude that the first Poisson
cohomology is trivial. It will be interesting to find some examples of singular Poisson

structures in which the above conditions hold, or prove that the above conditions are
not compatible in the singular case.

Casim(E, P) = n*C%, Hiz(B) =0, =0.

Below, we give some examples of condition (4.9).
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Open Book foliations.

Consider a vector bundle (E, 7, B), with a coupling Poisson structure II whose
associated geometric data is (v, 0, P). Assume that the Poisson fiber bundle (F, P)
is locally trivial, with typical fiber given by the co-algebra g* of a Lie algebra g. We
will consider some particular examples of Lie algebras g with the following property:
the symplectic foliation of the Lie-Poisson structure on g* is an open book foliation
[29]. In these cases, condition is automatically satisfied. So, Corollary

can be applied.
1. Consider the Lie algebra g given by the bracket relations:
le1,e2] = €2, [ea,e3] =0, [e3, e1] = —es.

If (21, 22, x3) denote the coordinates along the ﬁber then the Poisson structure
P on g* has the form P = :UQ— A am — T35 a,p A az . The set of 0-dimensional
symplectic is | := {(r,0,0) | r e R}. The complement N = g*\l of this set
consists on the points of maximal rank, i.e., regular points. The following
Hamiltonian vector fields

0 0 0

Xy = 29 + T3— Xgy = —To— Xgo = — 13—
. 8903’ 2 8901 3 8901

0
8.7]'2
span the subspace {e1,x2es + x3es} C T,g* at each z € N. Therefore, the

2-dimensional symplectic leaf passing for p = (p1,p2,p3) € N consists of its
image by the flow of 8%1 and acga%z + xga%s:

(tl, tz) S R2}.

S {(pl+t17p2€ 7p3e )

P

i j

i

- %
On the other hand, if K € Casim(g*, P) is a Casimir function, then it is
constant along S,. Also, note that {(r,pae™%, p3e ™) }ren is a sequence of
points in S, that converges to (r,0,0). By the continuity of K, the value of
K on any =z € S, equals to K(r,0,0). Since this holds for any p € N and
any r € R, it follows that K must be constant in all g*. This analysis shows

that any Casimir function for P must be constant along each fiber E; ~ g*.
Therefore, condition (4.9) follows.
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2. Another example of vector bundle of rank 3 with property is when the
typical fiber is the co-algebra of the 3-dimensional Lie algebra:

le1,e2] = aeg +e3, [ea,e3) =0, [e3,e1] = ex — aes.

for a > 0. The set of 0-dimensional symplectic leaves is {(r,0,0) | » € R}, and
the 2-dimensional symplectic leaves are parameterized by

Sy = {(p1+t1,e*2(pa costa+pg sinty), 2 (—py sinta+ps costa)) | (t1,t2) € R?}.

The sequence of points in S, {(r,e”“*(pycosk — p3sink), e **(pysink +
pscosk))}ken converges to (r,0,0) and, by the same arguments as above,
condition (4.9)) holds.

3. Consider the co-algebra of the Lie algebra
[61762] = 62 + 63, [62, 63] == 07 [63,81] = —63‘

In this case, the set of 0-dimensional symplectic leaves is {(r,0,0) | » € R}.
The 2-dimensional symplectic leaves are parameterized by

Sy = {(p1 + t1, (p2 + taps)e', pse'?) | (t1,t2) € R?}.

Also, the sequence in S,

{(r, (p2 — kp3)6_k7p3€_k)}keN

converges to (r,0,0). So, condition is satisfied.
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4. The last example of symplectic book foliation in the fiber is given as follows.
If @ > 1, then the co-algebra of the Lie algebra

[617 62] = ez — €3, [623 63] = 07 [637 61] = €2 — (&es3,

has the following properties. The set of 0-dimensional symplectic leaves is
{(r,0,0) | » € R}, and the 2-dimensional symplectic leaves are parameterized

by
Ty =p1 -+,
oy = %pz(e(a—l)tg F elatDizy 4 %pg(e(a—l)tg _ elot)iay
g = %pz(e(a—l)tg — elotnizy o %pg(e(a—l)tz + elotiz),

The sequence (p")nen in Sy, p" = (21, 25, 25), is given by

=,
«’ES — %p2(e—(a—1)n + e—(a+1)n) + %p?)(e—(a—l)n - e—(oz-i—l)n)’
xgz — %pz(ef(afl)n N 67(a+1)n) + %p3(67(a71)n + e*(Oé‘Fl)n)'

and converges to (r,0,0). Hence, condition (4.9)) follows.

One more example

Here we consider an example of a Lie algebra g such that the corresponding
symplectic foliation in the co-algebra g* is not an open book foliation, but at the
same time does not admit global non-trivial Casimir function.

If 0 < a < 1 is irrational, a Casimir function of the co-algebra of the Lie algebra

[e1,e2] = aea — ez, [e2,e3] =0, [es,e1] =e2 — e
must satisfy the following equations:

s — o) Ky~ ay P g O _
ax9 I3 8.1,‘2 ) axs 6353_ s 8z1 =
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By applying the method of the characteristics, we show that K must have the
following form in the regular domain:

Xy — xg|* L
K=k 7| 2 3| .
|$2 + 1173’0‘+1
However, because of the irrationality of «, the numbers @ — 1 and a + 1 are

rationally independent. So, K is not of class C'*° if k is non-constant. Therefore, in
this case, a global Casimir function in the fiber does not exists. So, (4.9) is satisfied.

The set of O-dimensional symplectic leaves is {(r,0,0) | » € R}, and the
2-dimensional symplectic leaves are parameterized by

x1 =p1 +ti,
1 1

To = §p2(e(a—1)t2 + e(a—i—l)tz) + 5pg(e(oc—l)tz _ e(oc-f—l)tz)’
1 1

P §p2(e(a_1)t2 _ e(a—l—l)tg) + 5pg(e(a—l)tg + €(a+1)t2).

Proposition 4.3.6 (Uniqueness). FEvery S3-dimensional Lie-Poisson structure
admitting no global non-trivial Casimir function is isomorphic to one of the
co-algebras given above.

Proof. In [20], the Bianchi classification of 3-dimensional linear Poisson structures
is presented. For most of the 3-dimensional Lie - Poisson structures presented, there
is exhibited a global Casimir function, except for the examples described in above,
which do not admit Casimir functions besides constants. It is left to show that the
co-algebra of

le1, ea] = aey — e3, [e2, e3] =0, [es, e1] = ea — aes,
when 0 < a = % < 1, admits a global Casimir function. Indeed, since p < g,
K(x) = (w2 + 23" (22 — 23)"77
is a polynomial which is also a global Casimir function of class C*°. =

Therefore, the examples we presented in this section are essentially the only
examples of Lie-Poisson vector bundles (E, 7, B; P) of rank 3 such that condition

(4.9) is satisfied.
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